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Formulation of equilibrium dynamics:
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random media

Amplifying and
,‘- Scattering Particles

Random Laser
- Mirror less cavity

« Fabry Perot cavity
- random medium

+ Ordered & homogeneous
- Multiple scattering

« Amplifying medium
- Random Lasing (above threshold)

« Stimulated emssion
--> multimode lasing above threshold



Waves in (non-) random media

Amplifying and
M- Scattering Parficles

Amplifying Material -,

Miror Partial Reflector

»

Regular Laser Cavity

Random Laser

- Below threshold :
- radiative (extended) modes
- linear interaction dominates : CW
- incoherent regime
- Above threshold
- both radiative and localized modes
- non linear interaction dominates: Lasing
- coherent regime




Mode Localization

Random__ Slbanasne Fossnators
laser >
Essential ingredients :
Pumping ““ J * Multiple scattering + Gain in the medium
a J --> Lasing
e .."Z st | --> Localization of modes
standard mode lockmg.
é Laser output spectrim Strong localizaﬁon
Frequency
RL:
2,500 ’ ;I
= R |
i 1,500 ..!Llrlwl‘h..!l' ||
-l / m"‘\w !. Weak Localization
e W/M% ( Radiative modes are
s %0 %5 %0 s releVﬂnt)

Wavelength (nm}

CW-->RL

HC et al, Phys. Rev. Lett. 82, 2278 (1999)




Formulation of equilibrium dynamics:

Haus Master equation for standard multimode in ordered(closed)
cavity: ,
dn(t):(gn _ [n+ iDn) an_}_(y _I 6 ) ij+mk:mf+mmaj ak a,"+nn (t)

Linear contribution Non-linear contribution

which for disordered cavity takes for of 2 + 4 body Hamiltonian :

H = —R[Z a;a; + Z -aia;aka?]

(U‘) Wi W =W +w
Pairwise interaction coupling physical interpretation:
2) rad inh
CP = Gudi; + G4 + G-
J . . :
! h N ikt fv X35 wjs Wi 1) B (r) EX (r) B (r) E (r) d*r
G o [ X p(wirwg) EF () ES (r)dr

L. Angelani, C. Conti, G. Ruocco, and E Zamponi,Phys. Rev. B 74, 104207 (2006)
C.Conti and L. Leuzzi, Phys. Rev. B 83, 134204 (2011)




(2) e, rad inh E Antenucci, C.Conti, A. Crisanti, L..Leuzzi,
Gij = Giidij + G35 + Gjj arXiv( 2014)

- diagonal terms : gain and loss profiles for passive modes

- off diagonal terms: correspond to effective damping contribution obtained by integrating out radiation mode
and to spatial overlap of modes modulated by non uniform(non homogeneous) linear susceptibilty

- Ref :CViviescas and G Hackenbroich, Phys Rev A 67, 013805 (2003)

Electromagnetic modes can be represented as: a; = Aiew"

giving us: H o= R} CPAA%c + Y GHAA AN e e )

iy W Wy =Wy T

Applying the so called quenched amplitude approximation: 4 < Tobs < TA ~ TJ  where J® =GA J*=GAAAA

The general Hamiltonian :

_ (2) Jid; ,—igh; (4) i —id; iy —idy)
H = —-R| E Ji; ee { E Jie e e e
i

witw;=wg+wy
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Useful?

Yes.

01 3405 (203)
503710543

+ While generic Hamiltonian where pariwise coupling is considered complex, it's imaginary part
attributed to damping due 1o group velocity of wave packet as seen in Haus Master eqn,

+ Alsn, in Kuramoto Model for symehronisation probelms

- -
Hamiltonian
‘We confine ourselves to the incoherent regime of linear interaction among wave in random media,

Final form of Hamiltonian concerning linear interaction
and only off diagonal terms:

Comsidering now the complex interaction couplings with |

as well as fields presents us with the following Hamiltonian:

il |

Hluted graph =5 mnodes network

eling on their extersion and position in real space) .




Hamiltonian

We confine ourselves to the incoherent regime of linear interaction among wave in random media.

Final form of Hamiltonian concerning linear interaction

and only off diagonal terms: H=-— ; Jij cos(di — &;) — D _ hicos(¢:) ¢ € [0,2r]
1 J t
- JE — JE
Considering now the complex interaction couplings with J Jy=JE+idl  and by =B +in, Hermitian tfr ji ]
T 1 T k) I]i . — o J I
J Ji

as well as fields presents us with the following Hamiltonian:

H = - Z[)’fj cos(¢i — ¢j) + J_i,- sin(gi — ¢;)] — Z[h:’f cos(¢;) + h! sin(¢;)]
(i7) t
TR
Modeling: continous variables --> mode phases ( XY model), vﬁ_ii
diluted graph --> modes network 5

modes --> sites of graph (depending on their extension and position in real space) . ?}‘




Useful?

Yes.

Such a Hamiltonian of pairwise interaction can be used for investigating "open" cavities like RL.

- CViviescas and G Hackenbroich, Phys Rev A 67, 013805 (2003)
- G Hackenbroich, J.Phys.A : Math.Gen.38(2005) 10537-10543
- H.E. Tureci, Phys Rev A 74, 043822 (2006)

- While generic Hamiltonian where pariwise coupling is considered complex, it's imaginary part can be
attributed to damping due to group velocity of wave packet as seen in Haus Master egn.

- Also, in Kuramoto Model for synchronisation probelms

H=- Z Jij cos(d; — ¢;) — Z w;iPi
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XY model

Hamiltonian : H=-Y"Jijcos(¢i — ¢;) — Y _ hicos(¢;)

i<j

In the mean field approximation applying a variational free energy approach:

27
OF
F = E-S5- Z)\‘(/ dpip(psi) — 1) 5o(d) 0
i 0 '
Probability distribution function: ) — SPU6—00) 4 " 4y e nte ) - )
0 i 4]
with : A = Y Jileos(e) +hi . Bi=Y Jilsin(s,)
J J
Ry = (A +B?) ﬂi:-&ICtﬂn% A; = Ricosa; B; = R;sin o
2T
Iiz) = [ dgeeos®) Ij(2) = L(2)

0

2T
[ dpcos(g)el @) Ii(2) = Io(z) -
0

I(2)




Magnetizations :

m; =

Special Case : h =0

Correlation function :

Interaction coupling :

(W Prez:

(cos(@s)) =

I cos(av;)
1y

=i
I

" omf  om{ OR;

. K

kT Shy  OR; Shy

= (sin(¢;)) =

% = [(cos®(:)) — (COS(@)):!HZ JijCly, + dik]

e]fil

5115

[{cos?(¢:)) — (cos(¢:))?]

—
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][l

I sin(a;)

e _ Di()
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n:

= — Z[ ]R cos(o )+ JL jsin(oi — ¢;)] — Z[hf cos(¢i) + h! sin(¢:)]

(i)

Applying the same approach :

Z JE (cos(o;)) Z Jl(sin(o;)) + hf

exp (R; cos(¢i — ))
IIJ(-Ra) — Z 5]11 (pj > -+ Z (‘0‘5((35_} + h‘i
J

p(¢i) =

;. = /(47+B7) ,

Correlation functions

5m:-"

C N
= Shl

I Correlation functions :

—mi~ . Il = (m)2+(m¥)? |, pi=—L



v
2 2 2 z\2 2 my
gi = (cos®(¢i)) |, L, 2% mi* ,  |mal®* = (mf)?+ (m])? , = mF

o = cosay = cosfarctan(u)] = 41
R, = cosoi=cosfarctan(u)] =4[+ 2
% = sina; = si A — Hi
R~ Snei= sin[arctan(p;)] = \/1 i
Magnetizations :
m; = L(R )i _ mY — I, (R;) Bi
1 Io(Ri) R " Iy(R;) R,

Correlation functions: ,x _ mf =§(I_£_I_f)5Rz- . L 84 AR
* Shi. — Ri'ly 13 6hy  IoR;Shy  R?6hy

5h, R Shy | IoR,0h,  RZ26ohy
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Correlation functions :

C-wf}:- = '1(”(‘1?'-'”') Z']S')C".J Z t; Jk + dik +ﬂm(q=’” Z ]H( ik + Z f,';( ;k
L j -
Ci = h'@m) Z T5Ch - Z e ] o lZ T O+ Z 3G + ik
J -
= ¢Wqm) | Jfon - Z Jhe, +5,,k] + £$(q,m) [Z JReY + Z JLo,
| J
mf‘}‘ = ¢Y(q,m) Zfﬁ(:“ Z ]” J;‘ +f2 q.m) lz fﬁ(ﬁ Z ]"(;;‘ + &k
| 7 J J
2 2 2
(i) gi — |mi|* + pi — qip;
. M
£9 (g m;) = 1+ i + pf = g — palmal® — qups
2 14 p?
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9D (gi,ms) = Ly ‘
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s = fpa 4 g“JrB 4 = k("')m‘ — k3’ CY,
cy = ¢9r4+ 1,18 rZ = kC% —kCY
(i) fa (i) g (4) g (4) fi
kY o= 22 R g _ gl JL
: fifa — g2 2 fifa — g2 3 g¢ — fifo : g*— fifa
Next, solving : R A
, 8 S JRer - Z JLCY, + 6y =T
3
Z j}icw + Z ]I C.l . I B
]

Interaction coupling :
Ji —Z\u — 8u)(Cl) ™ + llZ (Ci) ™+ CR(C) T
Jﬁ}—z,—(l‘;;,-—rmf}((';fﬂ‘l It _llz (Cl) T RG]

:{‘.




What's next?

- Numerical test

- We need data:

- Magnetizations, correlation functions
--> estimate J

« XY model
« Critical behavior of the XY model in complex topologies , Miguel Ibaiiez
Berganza, Luca Leuzzi, Phys. Rev. B 88, 144104 (2013)

« Generic XY model

-- > Set up Monte Carlo simulations.
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Technical Details :

MC + Parallel
+ M simulatlon run In parallel for desined range of temperatures.
+ NIFT copies of the system with same realization

+ Exchanges are done according (o :

Ao feriestniaE AR S0
1 crbrwlse,

« i swap inereases B low --> unlikely

» mitherwise o= most likely
= high temperature ;ergadic and thus helps low wmp system

o sample from whole phase space

lag 3¢ o)

JagE e g
atanins vha far g e AT of e At ST

st __lagf vans
Raaind e s ST S, KRR A7 AT SRS

et e i s 1
e st
o

O __eanimiel
T v

R T e

o)

eVl

Tn Metropolis algnrithn :
» For each site a random angle is chosen and updaiss ane done aceomding o update rules.

What do we extract 7

e

How do wee know we reached equilibrium §
Checkenergy to be constan i g tire soabe.




Technical Details :

MC simulation + Parallel Tempering (Exchange MC)

- MC simulation run in parallel for desired range of temperatures.
» NPT copies of the system with same realization

- Exchanges are done according to :
A= {e_(ﬂlaw‘ﬁhl'_h}&E ifAE S0

1 otherwise.

- if swap increases E_low --> unlikely

- otherwise --> most likely

- high temperature :ergodic and thus helps low temp system
to sample from whole phase space

Monte Carlo Step

In Metropolis algorithm :
- For each site a random angle is chosen and updates are done according to update rules.




Continuous variables :

--> CUDA programming on GPU
--> effective implementation

GPU : nVidia GeForce GTX 680

__device__ float

__device__ float

__device__ float

__device__ float

__device__ float

__device__ float

__device__ float

__device__ float

__(device__ void

__device__ float

__device__ float

__fsqrt_rn (float x)
Compute ,/x in round-to-nearest-even mode.

__fsqrt_ru (float x)
Compute ./r in round-up mode.

__fsqrt_rz (float x)
Compute /r in round-towards-zero mode.

__log10f (float x)
Calculate the fast approximate base 10 logarithm of the input argument.

__log2f (float x)
Calculate the fast approximate base 2 logarithm of the input argument.

__logf (float x)
Calculate the fast approximate base ¢ fogarithm of the input argument.

__powf (float x, float y)
Calculate the fast approximate of ;v.

__saturatef (float x)
Clamp the input argument to [+0.0, 1.0].

__sincosf (float x, float *sptr, float *cptr)
Calculate the fast approximate of sine and cosine of the first input argument.

—_sinf (float x)
Calculate the fast approximate sine of the input argument.

__tanf (float x)



What do we extract ?

Equilibrium measures of thermodynamic properties : correlations and magnetisation( of our interest)

How do we know we reached equilibrium ?

Check energy to be constant in log time scale.

Underlying graphs ?
2D, 3D lattice, Levy graphs,

Erdos Renyi graphs( ¢ : Poisson) p) - © kl'-"

Energy

--> Set topology

P(J)? 2
Ordered, Bimodal P(Jy) = 1 Exp(_'}‘j
Disordered(] : Gaussian)

--> Interaction couplings

JR ) or,hR=0.4,h'=0.2
¥ 5
,/
1 10 100 1000 10000
log t

MC simulation : in collaboration with my group members Fabrizio Antencci an Miguel I B Berganza

100000
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= Monte Carlo simulation
= Parallel Tempering

+ WA mirmslatises e o wnherbylrey exprdggy e o Ry d raphs with vizrage
—f

. r--_;nuumupn = 64, 256, 57 und 1024,

+ Temnperniure range: 1.5 - 10

S aew

Yy,

L=y

Further work in }

- Data from this MC simulation & used for tes

- Finite Size Scaling lor critical exponenets.
= Exend it 1o the disordened | case (Replicas and o




System under scrutiny :

— Z Ji¥ cos(pi — ;) + Ji; sin(¢i — ;)] — Z[hf‘ cos(¢i) + h; sin(¢;)]

(27) 1

Aim :

In search of critical temperature and critical
exponents.

Techniques :

- Monte Carlo simulation
- Parallel Tempering

- MC simulations done for underlying topology as Erodos Renyi graphs with average
connectivity c = 6.

- For various lattice size with length N = 64, 256, 576 and 1024.
- Temperature range:1.5-10




FORMULAS

Nertues
Ensemble average and topological average: (0) = 1 Z Oy

Neptuee
ErlMCS 7 5

Specific heat . .
pecifi e= LA _ L) - )

Susceptibility x = N((m?) — (m)?)

4
Binder Cumulant  y, = ™~ (m>g ; —1

{((m — (m))?))?
N
1
m, = — ) cos(¢;)
Magnetization N
i\r
1

AT
A
A4

m, = sin(¢;)
1

=




RESULT

Binder cumulant for J ordered: System [l
2.2 . , | | | | |
N=64 +
| N:ggg * }{X%;xxxi&%*
1.8 f N=1024 | % RS
K AT
1.6 | >+ |
1.4 2+ _
=) ki
1.2 ¢ X |
|
1T |+ * ER c=6 -
T
0.8 | R |
0.6 | ot o To~39
" KRR KRR
04 I ' ' ! 1 ! !

1.5 2 2.5 3 3.5 4 4.5 5 5.5




Further work in MC simulation

- Data from this MC simulation is used for testing inference techniques further.
- Jacknife method for error estimation for uncorrelated data.

- Finite Size Scaling for critical exponenets.

- Exend it to the disordered ] case (Replicas and overlaps).
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Numerical Test

- magnetisation
. correlation
functions

(from numerical Interaction coupling ]
simulations)

(e

Starting with the real distribution of ]'s: ordered, disordered
C.g = (cos(¢i —¢;)) ™i = (cos(¢i))

- - r }.P 1 ) I
magnetization and correlations  C;; = (sin(¢; — ¢;)) m? = (sin(¢;))

Infer ] and compare with Jtru




Reconstru
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titative analysis by :

ing Characteristic(ROC)

where apart from 2 point correlation function, we need to
-hody correlation function.

= e+ gt — )]

model, where we can look at the intensities and
. We also investigate Intensity correlation function
netion.

+ We can infer the Js but we won 't have the initial discribution to com

In callaboration with experimental group of Prof. Clandio Conl, 1SC-CNI

Thousands of coupled lase:

Triahgular  Kagome Hexagon

Bk N, Eisn B, Asliss A
soiplel kasers, FRL 1 1, RE4 103 (3015)




ntitative analysis by :

ing Characteristic(ROC)

2lihood Method:

rnative to maximum likelihood

AL

Prezi

LI TR



Next, data from experiments:

@ Interaction

coupling ]

- We can infer the J's but we won't have the initial distribution to compare with.

In collaboration with experimental group of Prof. Claudio Conti, ISC-CNR




Thousands of coupled lasers

Triangular Hexagon

H=—) Jijcos(¢: — ¢;)
i<j

- Instead of mode coupling, there is coupling between different independent
lasers.

- Mapping phase of each laser --> angular orientation of planar spins.

- J's are ordered since they are all ordered cavity lasers. We can quantitatively
estimate the interaction coefficient.

Micha Nixon, Eitan Ronen, Asher A. Friesem and Nir Davidson, Observing geometric frustration with thousands of
coupled lasers, PRL 110, 184102 (2013)




--> to 4-XY model where apart from 2 point correlation function, we need to
consider also the 4 -body correlation function.

Clim = (c08(dj — Bk + &1 — b))

--> Apply to spherical spin model, where we can look at the intensities and
therefore spectral behavior. We also investigate Intensity correlation function
on top of phase correlation function.

3



Cavity Method

XY generic model

Techniques :
- Cavity Method on bipartite graph
- Belief Propagation
- Population dynamics
- optimized programming using CUDA on GPU's
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ing Characteristic(ROC)

where apart from 2 point correlation function, we need to
-hody correlation function.
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netion.

+ We can infer the Js but we won 't have the initial discribution to com

In callaboration with experimental group of Prof. Clandio Conl, 1SC-CNI
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Thank you for your
attention.



"Inference of coupling of waves in non linear
disordered medium."
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