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Brief overview on FPU problem

: K
FPU problem -+ ? (Qi—l—l — %)2 + é(q’ﬂrl o q’i)a

| Fermi, E., Pasta, J., & Ulam, S. (1955). Studies of nonlinear problems. Los Alamos Scientific Laboratory Report No. LA-1940 |
| Cencini, M., Cecconi, F., & Vulpiani, A. (2009). Chaos. From simple Models to Complex Systems. World Scientific. |
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for e =0 —>» Integrable

Using the normal modes

2 nkmr
_ S gusi —1....
aL N1 d qnsm<N+1> (k :

Friday, September 5, 14



Brief overview on FPU problem

: K
FPU problem -+ ? (q7;+1 — %‘)2 + é(q’“ﬂ o q”i)a

| Fermi, E., Pasta, J., & Ulam, S. (1955). Studies of nonlinear problems. Los Alamos Scientific Laboratory Report No. LA-1940 |
| Cencini, M., Cecconi, F., & Vulpiani, A. (2009). Chaos. From simple Models to Complex Systems. World Scientific. |

for e =0 —>» Integrable

Using the normal modes

2 ) nkm
o=\ 5y Somsin (75)

—» N non-interacting harmonic oscillators

frequencies

kT 2\/gml (2(]511))

energies

1 dai\’
E, = 5 [(d_tk) —|—w,%a12€] — const .

equipartition law
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Brief overview on FPU problem

GIPT for ¢ # 0 —» Non-integrable

E /7 Etot
E /7 Etot

L 1l Ll L 1rnnl L1

NN TS L S
o
S000. 10000. 15000. 20000. 102 108 10% 10° 10% 107
t T
Fig. 14.2 Time averaged fraction of energy, in modes k = 1,2, 3,4 (bold lines, from top to below),
the dashed line shows the time average of the sum from k = 5 to N = 32. The parameters of the
system are the same as in Fig. 14.1. [Courtesy of G. Benettin]

Fig. 14.1 Normalized modes energies Ey(t)/FEtot for k = 1 (solid line), & = 2 (dashed line)
and k = 3 (dotted line) obtained with N = 32, o = 3 and ¢ = 0.1. The initial condition is
E1(0) = Etot = 2.24 and E%(0) =0 for k = 2,...,32. [Courtesy of G. Benettin]

[ Cencini, M., Cecconi, F., & Vulpiani, A. (2009). Chaos. From simple Models to Complex Systems. World Scientific. |
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Fermi-Pasta-Ulam problem

HZEN: Py +5(. — )+ (g1 — @)°
£ om 5 di+1 — q; o qi+1 — 4qi

244 p-spherical spin Hamiltonian

1
H = 5 Zp? — Z Jij Si8j — Z Jijkl 8iSjSkS] + T
i

1<J 1<j<k<l
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Potential Method

2+4 P-spin spherical model

- Effective Potential Method -
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Potential Method

Two systems (the same) at two different temperatures

Potential Method Reference system Probe system

exp (—f'H[s]) Plo) = &P (—BH ;[a])

P(s) =

o Z(p') B Z(B)

Friay Seteer , 1



Potential Method

Two systems (the same) at two different temperatures

Potential Method Reference system Probe system

exp (—f'H[s]) Plo) = exp (—BH [g])

P(s) =

- Z(B") - Z(B)

Overlap:

Constrained free-energy

1

F(§757]5> — A}i_f)l’loo—ﬁ—Nln/dQe_BH[g] 5(13 o Q(§7Q>)

Potential Function

1 —B'H]s]
V(558 = tim —c [ s [ dgeel (5 - Qls.)

| Franz, S., & Parisi, G. (1995). Recipes for metastable states in spin glasses. Journal de Physique I, 5(11), 1401-1415 |

Friay Seteer , 14



Meaning of the minima

V(p,8,8) =

Potential Method

Function V(p)

0 1 1 1 1 1 1
0 0.1 02 03 04 05 0.6 0.7 0.8 09

Overlap p

[S. Franz and G. Semerjian. Analytical approaches to time and length scales in models of
glasses in  Dynamical heterogeneities in glasses, colloids and granular materials. Oxford
University Press, 2011.]
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Meaning of the minima

Potential Method
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Meaning of the minima

Potential Method

> I'> 1y

/ I'="1; dynamical transition
T <1,
| > d

—» ['=1T% Kauzmann temperature

0.8 09

1 1 1
04 05 0.6 0.7
Overlap p

0 1 1
0 0.1 02 03

[S. Franz and G. Semerjian. Analytical approaches to time and length scales in models of
glasses in  Dynamical heterogeneities in glasses, colloids and granular materials. Oxford

University Press, 2011.]

for T € [TK, Td]
free energy

fHT) = TE(fA(T))
potential

V(pmin(T),T) — F(T)

Friday, September 5, 14



Meaning of the minima

V(p,8,8) =

Potential Method

> I'> 1y

/ I'="1; dynamical transition
T <1,
| > d

—> [I'=1T% Kauzmann temperature

1 1 1 1 1 1
0 0.1 02 03 04 0.5 0.6 0.7 0.8 09
Overlap p

Function V(p)

0

[S. Franz and G. Semerjian. Analytical approaches to time and length scales in models of
glasses in  Dynamical heterogeneities in glasses, colloids and granular materials. Oxford
University Press, 2011.]

Friday, September 5, 14



Meaning of the minima

Potential Method

> I'> 1y

/ I'="1; dynamical transition
T <1,
| > d

—> [I'=1T% Kauzmann temperature

1 1 1 1 1 1
0 0.1 02 03 04 0.5 0.6 0.7 0.8 09
Overlap p

Function V(p)

0

[S. Franz and G. Semerjian. Analytical approaches to time and length scales in models of
glasses in  Dynamical heterogeneities in glasses, colloids and granular materials. Oxford
University Press, 2011.]

InC(T + tw; tw)

Friday, September 5, 14



Meaning of the minima

Potential Method

> I'> 1y

/ I'="1; dynamical transition
T <1,
| > d

= @ —> T =1T% Kauzmann temperature
0 0.1 02 03 04 0.5 0.6 0.7 % 09
Overlap p

Function V(p)

0

[S. Franz and G. Semerjian. Analytical approaches to time and length schles in models of
glasses in  Dynamical heterogeneities in glasses, colloids and granular mterials. Oxford
University Press, 2011.]

InC(T + tw; tw)

Friday, September 5, 14



Meaning of the minima

Potential Method

> I'> 1y

/ I'="1; dynamical transition
T <1,
| > d

= @ —> T =1T% Kauzmann temperature
0 0.1 02 03 04 0.5 0.6 0.7 % 09
Overlap p

Function V(p)

0

[S. Franz and G. Semerjian. Analytical approaches to time and length schles in models of
glasses in  Dynamical heterogeneities in glasses, colloids and granular mterials. Oxford
University Press, 2011.]

InC(T + tw; tw)

Friday, September 5, 14



Average over disorder: Replica trick

Potential Function

Potential Method

B’H[s
V(5B.8) = Jlim / ds & / do e~FHlo) 5(5 — Q(s, o)

N —00

With the use of the replica trick

Z[ﬁ,ﬁ]m—1>

NV = =T lim lim [ dsexp (~3'H[s))Z[3]""

n—0 m—0

with the constrained partition function Z[s,p| = / do e PHlel§(p — Q(s, 0))
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Average over disorder: Replica trick

Potential Function

Potential Method

B’H[s
V(5.8.8) = Jim —o [ ds® o n [ doese 5(5 - Q(s,0)

With the use of the replica trick

NV = —T lim lim [ dsexp (—8'H][s])Z[8/]"* (Z[&i]nm - 1)

n—0 m—0

with the constrained partition function Z[s,p| = / do e PHlel§(p — Q(s, 0))

Define the ‘replicated partition function’

Z(’n,m):/dsleB/H(sl)Z(ﬁl)n—lz[ﬁ’f)]m:/dsleB/H(sl)Z(ﬁ/)n—lemlnZ[§,f)]

The potential can be recovered with

9,
_ (n,m)
NV = T—aman |m 0

n=0

Friday, September 5, 14



2+4 spin Hamiltonian: averaging over disorder

2+4 p-spin spherical Hamiltonian

H=-— E Jij S$¢S55 — E Jz’jkl S$i55SES] ,

2+4 p-spin 1<J 1<g<k<l

spherical Model
Potential Method
Replicated partition function

m m

70 = [ Do [ Doaexp [33° () 483 1)) T] 83 stor — V)

« a=1

fixed distance between
the two systems
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2+4 spin Hamiltonian: averaging over disorder

2+4 p-spin spherical Hamiltonian

H=-— E Jij S$¢S55 — E Jz’jkl S$i55SES] ,

2+4 p-spin 1<J 1<g<k<l

spherical Model
Potential Method
Replicated partition function

m m

70 = [ Do [ Doaexp [33° () 483 1)) T] 83 stor — V)

« a=1

fixed distance between
the two systems

Gaussian couplings

After averaging over the disorder

n,m a Q po! - a.a . X ?
Z(, ):/DS /Do‘ HeXp[4Np2_1(BQZSiSj‘|‘5zai0'j>}

1<g
I

H exp [4]\];;2_1 (64 Z s?s?s%s? -+ BZ af‘gjqalcjala)? H 5(2 S,}J? B Nﬁ)

1<j<k<l a=1
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Introducing order parameters

. Order parameter matrices | Single matrix

1
Qab:_zsgsg . Q P
N5 | Q_<PT R)

. 1
Disorder and R.og— — o%oP
replicas | Y EZ: L

Paa:
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Introducing order parameters

- Order parameter matrices | Single matrix Single spin vector

1 ‘C‘
Qabzﬁzsgsg Q:< QT P) v =(V1,V2,...,Untm)
¢ | P R (817"'7Sn7017°"70m>

: 1
Disorder and R.oo—= — o%oP
replicas | Y EZ: L

Introducing

= / 4Q,, 0 (NQ,, — - vje?)

1

Paa:
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Introducing order parameters

Single matrix Single spin vector

Q:< @ P) Q:(U17U2,---,1}n+m)

T
] P R (81,...,Sn,0'1,...,0'm)
Disorder and
replicas

Introducing

= / 4Q,, 0 (NQ,, — - vje?)

1

We obtain

20 = [ D1 [ Q. 6(N @y, = Yo uiul) exn [ (#3 @t 208 Y- Rt Y 1)
1 a,b a,x o,
n—+m

exp[ (542@1)4‘25452 622}% )} H viv] — Np)

y=n+1 )
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Generalized RS ansatz

Using a saddle point technique to estimate the integral

Fnim) _ / pQ., / DAy exp[~NS(A, Q)] = exp[-NS(\*, Q"))

| | - 1 n n,m m
Disorder and | N In 2™ = 1 (ﬂ% Z Q?Lb + 2620 Z Pa?,a + 52 Z Ri,ﬁ)
i a,b a,x a,3

replicas
1 " < = 1 Q P
2 4 4 2 4
ICO IR MRS SR EHER G
a, a,x «,

The Effective Potential can be obtained using

NV = —17-9 1y ztnm)
om
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Generalized RS ansatz

Using a saddle point technique to estimate the integral

Fnim) _ / pQ., / DAy exp[~NS(A, Q)] = exp[-NS(\*, Q"))

| 1 . 1 n n,m m
Disorder and | N In 2™ = 1 (ﬂ% Z Q?Lb + 20625 Z Pa?,a + 52 Z Ri,ﬁ)
| a,b a,x aaﬁ

replicas
1 n - = 1 Q P
2 4 4 2 4
SCHWCRTI RS DIV
a, a,x «,

The Effective Potential can be obtained using

NV:—lemmewn

om =0

n=0

Ansatz for the Overlap Matrices

Qab = Oab + (1 _5ab)q B Q P
Paa:ﬁéan+(1_5an)5 - I Q_( )_

Raﬁ = 5045 -+ (1 — 5a5)T
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Looking for minima

Potential Function

L (982 4 28(8p” + Bap®) — B2 + 1Y) — 2B(Bas® + Bus™))

4
_1 —p? 4+ 2p%q + 1 — 2qr + ¢°r — 2pgs + s°

+ In[1 — r])

2( 1—2q+q*—r+2qr—g*r

Looking for minima
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Looking for minima

Potential Function

1 i , -

(28 +28(Bop” + Bap™) — B°(r* + %) — 28(Bas” + Bas"))

—p? 4+ 2p%q + 1 — 2qr + ¢*r — 2pqs + s°
1 —2q+4q> —r+2qr —¢*r

| "1
| 1
| .

( + In[1 — 7])

Determine minima
Looking for minima

oV (q,s,r,p)
dq

oV (q,s,r,p)
0s

oV (q,s,r,p)
or

=0

=0

=0
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Looking for minima

Potential Function

1 i , -
| = 1(28% +28(Bop” + Bap") — B7(r* + %) — 28(B25" + Bus"))
| 1<—p2—1—2p2q—|—7“—2q7“—|—q2r—2pqs+s2
i. 2 1 —2¢+¢?—r+2qr—q¢*r

+ In[1 — r])

Determine minima
Looking for minima

oV (q,s,r,p)
dq

oV (q,s,r,p)
0s

oV (q,s,r,p)
or

=0

=0

=0

Simplified case: only p = 4 spin and
Po=Pps=p, q=0, s=0

Potential Function L

BV = —%(/32 +28%5" = B*r)

[ Franz, S., & Parisi, G. (1995). Recipes for metastable states in spin glasses.
Journal de Physique I, 5(11), 1401-1415 |
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Looking for minima

Potential Function

1 i , -
| = 1(28% +28(Bop” + Bap") — B7(r* + %) — 28(B25" + Bus"))
| 1<—p2—1—2p2q—|—7“—2q7“—|—q2r—2pqs+s2
| 1 —2q+4q> —r+2qr —¢*r

+ In[1 — r])

| :

Determine minima
Looking for minima

oV (q,s,r,p)
dq

oV (q,s,r,p)
0s

oV (q,s,r,p)
or

=0

=0

=0

T =1,
Simplified case: only p = 4 spin and d

Po=0Bs=pB, q=0, s=0

Potential Function L ( ) ( )saddle

“apparent”

1 ~ minimum
BV = —1(52 +26%p" — B%r?) . "I

[ Franz, S., & Parisi, G. (1995). Recipes for metastable states in spin glasses.
Journal de Physique I, 5(11), 1401-1415 |
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Potential: 1RSB corrections

1RSB treatment of the p>2 spin spherical model

Barrat, A., Franz, S., & Parisi, G. (1997). Temperature evolution and bifurcations of metastable states
in mean-field spin glasses, with connections with structural glasses. Journal of Physics A:
Mathematical and General, 30(16), 5593.

Looking for minima
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Potential: 1RSB corrections

1RSB treatment of the p>2 spin spherical model

Barrat, A., Franz, S., & Parisi, G. (1997). Temperature evolution and bifurcations of metastable states
in mean-field spin glasses, with connections with structural glasses. Journal of Physics A:
Mathematical and General, 30(16), 5593.

Looking for minima

0.4
ql2

S.Replica. ~————~——" Replica
1Immetric 1RSB Simmetric
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Potential: Results obtained so far

Hamiltonian

H = —po E Jij 8iS; — 14 E Jijkl 8iS;jSkSI
i< i<j<k<l

Looking for minima
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Potential: Results obtained so far

Hamiltonian

H = —po fq Z Jijkl 8iS;Sk$I
i< i<y<k<l
Full RSB weak replica symmetry

breaking
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Potential: Results obtained so far

Hamiltonian

H = —po fq Z Jijkl 8iS;Sk$I
i< i<y<k<l
Full RSB weak replica symmetry

breaking

Looking for minima

Phase diagram

The static phase diagram of the 244 model in the (p2, p#4) plane

Crisanti, A., and L. Leuzzi. "Spherical 2+ p spin-glass model: An exactly
solvable model for glass to spin-glass transition." Physical review letters
93.21 (2004): 217203.
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Potential: Results obtained so far

Hamiltonian
H = —po fq Z Jijkl 8iS;Sk$I
i< i<y<k<l
Full RSB weak replica symmetry
breaking

Looking for minima

Phase diagram

The static phase diagram of the 244 model in the (p2, p#4) plane
' [

Function V(p)

04 05
Overlap p

p

Crisanti, A., and L. Leuzzi. "Spherical 2+ p spin-glass model: An ezxactly [ S. Franz and G. Semerjian. Analytical approaches to time and length scales in models of

solvable model for glass to spin-glass transition." Physical review letters glasses in  Dynamical heterogeneities in glasses, colloids and granular materials. Oxford

93.21 (2004): 217203. University Press, 2011. |
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Potential: Results obtained so far

Hamiltonian

H = —po fq Z Jijkl 8iS;Sk$I
i< i<y<k<l
Full RSB weak replica symmetry

breaking

Looking for minima

we need a Full RSB treatment

Phase diagram

When 72 > V4

The static phase diagram of the 244 model in the (p2, p#4) plane Vi

Crisanti, A., and L. Leuzzi. "Spherical 2+ p spin-glass model: An exactly
solvable model for glass to spin-glass transition." Physical review letters
93.21 (2004): 217203.
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Hamiltonian Dynamics

Hamiltonian
dynamics INC(T + 1y 1)

DONNN

tw,  twy, N\ fws N\ \\ \”
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Hamiltonian dynamics

Hamiltonian:

H = %;ﬁ%-vj(s) +;hi5i+ Mx;t)(;S% —N)

with  Vj(s(t)) = — Z Jij SiSj — Z Jijki 8iS;jSkSi

i<j i<j<k<l

;:‘/Hamilton’s equations
oH .
- = 3 = P

oV

Hamiltonian ‘ . S;
dynamics
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Hamiltonian dynamics

Hamiltonian:

— %pr + Vj(s) + Zhs ,ux2(t) (Z 57 —

with  Vj(s E Jij $iS; — g Jijkl SiSjSkSI

1<J 1<g<k<l

}:‘/Hamilton’s equations
)

Hamiltonian
dynamics

(Newtonian) Equation of motion: p, = §, = Lo oV _ [z + hi(t)

aSi 887;

Wthh expllcltly reads

= ZJZJ sj(t) + Z Jijkt 55() sk (t)si(t) + hi(t)

1<k<l
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Hamiltonian dynamics

Hamiltonian:

= %pr + Vi(s) + Zhs ,ux2(t) (Z 57 —

with  Vj(s E Jij $iS; — g Jijkl SiSjSkSI

1<J 1<g<k<l

}:‘/Hamilton’s equations
oH

Hamiltonian
dynamics

(Newtonian) Equation of motion: p, = §, = Lo oV _ [z + hi(t)

aSi 887;

Wthh expllcltly reads

= +ZJZJ s;(t) + Z Jijrt 55(t) sk (t)si(t) + ha(t)

1<k<l

Multiplying by an observable and averaging

E(5A(s(t")) = — E(ua(t)si( )+ ZE ij (s (t
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Martin-Siggia-Rose formalism

From the equation of motion

E(3;A(s(t'))) = — E(ua (t)si (1) A(s(t))) + Z E(Jij{(s; () A(s(t)))) + > E(Jigua (s5(8)s(D)si(t) A(s(t))))

J<k<l

Hamiltonian
dynamics
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Martin-Siggia-Rose formalism

From the equation of motion

E(5iA(s(t))) = — Edua(t)si +Z]E i (s (t )+ > Eiu (s5(0)sk()si(t)A(s(t)))

I<k<l

Taking averages (...) —¥ Martin-Siggia-Rose formalism

Plslutso) = | (1] &) exp (> [ dufiso( = 510 - 7))

- u=0

Hamiltonian -/ (1] &) exp (Z [ i (=50 )+ 3 st 3 g siswsrtha)] bucs )

dynamics u=0 j j<k<l
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Martin-Siggia-Rose formalism

From the equation of motion

E(5iA(s(t))) = — Edua(t)si +Z]E i (s (t )+ > Eiu (s5(0)sk()si(t)A(s(t)))

I<k<l

Taking averages (...) —¥ Martin-Siggia-Rose formalism

Plslutso) = | (1] &) exp (> [ dufiso( = 510 - 7))

- u=0

Hamiltonian -/ (1] &) exp (Z [ i (=50 )+ 3 st 3 g siswsrtha)] bucs )

dynamics u=0 j j<k<l

Let us observe
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Dynamics for a generic observable

Main equation of dynamics

EGAGE) =~ Bl 0sOAGED) + S EUR)| [ duBisu)sAl)s,0)

1 / duE(sii%A(s(t/))sj)+E<52(S?S?+<898?>eq)14(5(t/))5j(t>>}

0
t
+ E(ijkl){/ dulE(i8;(u)s;sksiA(s(t))sjsks1)
j<k<l 0

t
+ / dulE(s; (i5j8ks; + 85 18k8; + sj5k 151) A(s(t'))s;5k81)
0

+ B(B1(75950s) + (753050 beq) A(5()) 53551)

Generic equation
of dynamics
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Dynamics for a generic observable

Main equation of dynamics

BEAG() =~ Elus (00 AGE) + S BUE)] [ duBlisws; A(s(¢)s;(0)

1 / duE(sii%A(s(t/))sj)+E<52(S?S?+<898?>eq)14(5(t/))5j(t>>}

0
t
4+ E(Jz'zkl) [/ dulE(i8;(u)s;sksiA(s(t))sjsks1)
j<k<l 0

t
+ / dulE(s; (i5j8ks; + 85 18k8; + sj5k 151) A(s(t'))s;5k81)
0

+ B(B1(75950s) + (753050 beq) A(5()) 53551)

Generic equation
of dynamics
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Dynamics for a generic observable

Main equation of dynamics

BEAG() =~ Elus (00 AGE) + S BUE)] [ duBlisws; A(s(¢)s;(0)

1 / duE(sii%A(s(t/))sj)+E<52(S?S?+<898?>eq)14(5(t/))5j(t>>}

0
t
4+ E(Jz'zkl) [/ dulE(i8;(u)s;sksiA(s(t))sjsks1)
j<k<l 0

t
+ / dulE(s; (i5j8ks; + 85 18k8; + sj5k 151) A(s(t'))s;5k81)
0

+ B(B1(75950s) + (753050 beq) A(5()) 53551)

Generic equation
of dynamics
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Dynamics for a generic observable

Main equatlon of dynamlcs

E(5A(s(t')) = )+ B [ duBlisi(wsAE)s,0)

i / du]E(stzsjA(s(t’))sj)+E<5z(8?82+<8?8?>eq)14(5(t/))5j(t>>}

+ Z E [/ duE(z@i(u)sjskslA(s(t’)m)sjsst

I<k<l

t
+ / dulE(s; (i5jskS; + 85 18k8; + sj5k 151) A(s(t'))s;5k51)
0 T

+ B(B1(75950s) + (75305 beq) A(5(¥)) 53551)

o

Generic equation
of dynamics

Second moments

—> E(Jz%
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Dynamics for a generic observable

Main equatlon of dynamlcs

E(5A(s(t')) = )+ SBR[ [ duEs s Als(E))s ()

i / du]E(stzsjA(s(t’))sj)+E<5z(8?82+<8?8?>eq)14(5(t/))5j(t>>}

+ Z E [/ duE(z@i(u)sjskslA(s(t’)m)sjsst
I<k<l

t
+ / dulE(s; (i5jskS; + 85 18k8; + sj5k 151) A(s(t'))s;5k51)
0 T

+ B(B1(75950s) + (75305 beq) A(5(¥)) 53551)

o

Generic equation

of dynamics

Get equations for Correlation and Response

> AGE) =si(t) — C1) = ]bZSZ(t)SZ(t’)%(sz-(t)si(t’)}

—» A(s(t) =i%(t) — R(t,t) ZS@
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Equations for Correlation and Response

! B ¢
duR(t’,u)C(t,u)m—l+p2(p22 Y / du C(t, w)R(t, u) O (t, u)P>~2
0

+ B (O, 000077t = K(0,¢)K (0,1
¢/ B ¢
+ % duR(t',u)C/(t, u)P*~t + p‘*(p‘; Y / du C(¢, u) R(t, u)C/(t, u)P+—2
0 0

2 (O, 000, 07 — K(0.6)K (0,67

O?R(t,t)
ot?

= — () R(t,¢') + pQ(mZ_ = / du R(u, V)Rt ) C (1, u) =

. t
+p4(p42 Y / du R(u, 'Y R(t, u)C(t, u)Pi=2
t/

Correlation and
Response
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Equations for Correlation and Response

! B ¢
duR(t’,u)C(t,u)m—l+p2(p22 Y / du C(t, w)R(t, u) O (t, u)P>~2
0

+ B (O, 000077t = K(0,#)K (0,1
¢/ B ¢
+ % duR(t',u)C/(t, u)P*~t + p‘*(p‘; Y / du C(¢, u) R(t, u)C/(t, u)P+—2
0 0

+ 64% (C(t/’ O)C(t, O)p4—1 _ f('((:)7 t/)K(O, t)p4—1)

O?R(t,t)
ot?

= — () R(t,¢') + pQ(mZ_ = / du R(u, V)Rt ) C (1, u) =

. t
+p4(p42 Y / du R(u, 'Y R(t, u)C(t, u)Pi=2
t/

Correlation and
Response

Friday, September 5, 14



Equations for Correlation and Response

= —ug (1) C(t, t/)

¢ B ¢
+ % duR(t,u)C(t, u)P2~! + p2(p22 Y / du C(t, w)R(t, u) O (t, u)P>~2
0 0
p2 / p2—1 / p2_1
+ B (O, 000077t = K(0,#)K (0,1

t/

- 0%C(t, 1)
ot?

—1 t
+ % duR(t',u)C/(t, u)P*~t + p‘*(p‘; ) / du C(¢, u) R(t, u)C/(t, u)P+—2
0 0

+ 64% (C(t/’ O)C(t, O)p4—1 _ f('((:)7 t/)K(O, t)p4—1)

O?R(t,t)
ot?

p2(p2 — 1)

- Nw(t>R(t7 t/) + 9

t
/ du R(u, ') R(t, u)C(t, )2
t/

pa(ps — 1)
2

t
/ du R(u, tR(t,u)C(t, u)P* >
t/

_|_

Correlation and
Response

Where we introduced the Pseudo-Correlation
, 1
K(0,t) = lim —) (si(0))eg(si(t))

N—oo IV

1
And we assumed

self averaging of correlation, response and pseudo-correlation

mean-field approximation
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Equations for Correlation and Response

= —ug (1) C(t, t/)

¢ B ¢
+ % duR(t,u)C(t, u)P2~! + p2(p22 Y / du C(t, w)R(t, u) O (t, u)P>~2
0 0
p2 / p2—1 / p2_1
+ B (O, 000077t = K(0,#)K (0,1

t/

- 0%C(t, 1)
ot?

—1 t
+ % duR(t',u)C/(t, u)P*~t + p‘*(p‘; ) / du C(¢, u) R(t, u)C/(t, u)P+—2
0 0

+ 64% (C(t/’ O)C(t, O)p4—1 _ f('((:)7 t/)K(O, t)p4—1)

O?R(t,t)
ot?

p2(p2 — 1)

- Nw(t>R(t7 t/) + 9

t
/ du R(u, ') R(t, u)C(t, )2
t/

pa(ps — 1)
2

t
/ du R(u, tR(t,u)C(t, u)P* >
t/

_|_

Correlation and
Response

Where we introduced the Pseudo-Correlation
, 1
K(0,t) = lim —) (si(0))eg(si(t))

N—oo IV

1
And we assumed

self averaging of correlation, response and pseudo-correlation

mean-field approximation
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Equation for the Pseudo-Correlation

To determine the equation for the Pseudo-Correlation

= S (si(0))eqsi2)

1

Main equation of dynamics:

BEAG() = = Eue®siOAGED) + S BUZ)| | duis(ws; Als(¢)s(0)

—|—/0 duE<Sl i§jA(S(t’>>3j> + E<62(3(339 € <5989>eq)A(s(t’))sj(t)>

+ Z E(ijkl){/o duT(i8;(u)s;jspsiA(s(t')s;sks)

j<k<l

Correlation and

t
+ / duT(s; (18;5ks; + 85 18ks; + 5555 181) A(s(t'))sjsK51)
Response ’
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Equation for the Pseudo-Correlation

To determine the equation for the Pseudo-Correlation

N ;<3i(0)>eq<8i(t)>
We choose  —» A(si(t') = (5i(0))eq

Main equation of dynamics:

BEHAG() = ~ Eue®sOAGE)) + S BUZ)| [ duis(ws; As(e)s (1)

" / du(s; i3 A(s(t)s;) + E(B2(s7s5 + (5757)eq) Als(t)s; (1))

+ Z E(ijkl){/o duE<i§i(u)sjskslA(s(t/))sjsksl>

j<k<l ”

Correlation and
Response

t
+ / duT(s; (18;5ks; + 85 18ks; + 555k 181) A(s(t'))sjsK5)
0 e
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Equation for the Pseudo-Correlation

To determine the equation for the Pseudo-Correlation

= S (si(0))eqsi2)

1

We choose  —» A(si(t') = (5i(0))eq

Main equation of dynamics:

BEHAG() = ~ Eue®sOAGE)) + S BUZ)| [ duis(ws; As(e)s (1)

" / du(s; i3 A(s(t)s;) + E(B2(s7s5 + (5757)eq) Als(t)s; (1))

+ Z E(ijkl){/o duE<i§i(u)sjskslA(s(t/))sjsksl>

j<k<l ”

Correlation and

t
+ / duT(s; (18;5ks; + 85 18ks; + 555k 181) A(s(t'))sjsK5)

0 R —
Response

— — u()K(0,1) + % / t du K (0, u)R(t,w)C (t, u)P2~2 4 22 (K(O, 0)C(t, 0)P2~ — GK (0, t)pz—l)
0 2

t
L Palpa— 1) / du K (0, u)R(t, w)C (t,up =2 + B 2 (K(0,0)C(2, 07~ — gK (0, 1))
2 0 2
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Equation for the lagrangian multiplier

Hamiltonian:

His) = 3 30+ Vil + P (3

;:‘/Hamilton’s equations
oH .
- = $; = pi

oV

1

Lagrangian
multiplier
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Equation for the lagrangian multiplier

Hamiltonian:

1 x
=52+ Vi) + B2 (Y —> pi=2H-V))

ZL_:PiSiZZ:SzSz thzs —ZS ;sf

Lagrangian
multiplier
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Equation for the lagrangian multiplier

Hamiltonian:

pha (t)
9

H(s) = %Zp?—I—VJ(S)—I-

;:‘/Hamilton’s equations
oH .
- = $; = pi

oV

1

Lagrangian
multiplier
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Equation for the lagrangian multiplier

Hamiltonian:

pha (t)
9

H(s) = %Zp?—I—VJ(S)—I-

Lagrangian
multiplier
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Equation for the lagrangian multiplier

Hamiltonian:

pha (t)
9

H(s) = %Zp?—I—VJ(S)—I-

Lagrangian
multiplier
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Equation for the lagrangian multiplier

Hamiltonian:

pha (t)
9

H(s) = %Zp?—I—VJ(S)—I-

Lagrangian
multiplier
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Equation for the lagrangian multiplier

si> +2(E —E(V))

Lagrangian
multiplier
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Equation for the lagrangian multiplier

si> +2(E —E(V))

With computations analogous to those previously seen for correlation and response

Equation for the lagrangian multiplier that enforces the spherical constraint

02 [ttt 0P K0.07)

Lagrangian 0

multiplier D t
+650 | duR(t,u)C(t ! + By (C(t, 0)P1 — K (0, t)m)
0
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Equations for dynamics

Correlation

02C(t,t)

= (0 1)

t/ -1 ¢
+ % duR(t', u)C(t,u)P>~ + % / du C(t',w) R(t, u)C/(t, u)P> 2
0 0
+ B2 (O, 0)0(, 0 — K(0,¢)K (0,6
t/ -1 ¢
B N A Yo U e 2 i) / du O, u)R(t, u)C (¢, u)Pr—>
2 Jo 2 0
+ BB (O, 0)0(, 0 = K(0,)K (0,6
Response

O?R(t,t)
o2

pa(p2 — 1)

= - Mx(t)R<t> t/) + 9

/t du R(u,t")R(t,u)C(t,u)P??
pa(ps — 1)

R

t
/ du R(u, V) R(t, u)C(t, u)P =2
t/

Correlation and

Response Pseudo-Correlation

Lagrangian 92K (0,t)

_ p2(p2 — 1)
multiplier o2 pa () K (0, 1) +

/t du K (0, u)R(t,u)C(t,u)P>~2 + ﬁz% (K(07 0)C(t,0)"*~! — gK (0, t)m_l)
0
p4(p4 —1)

T

/ t du K (0,u)R(t,u)C(t,u)P* % + 54% <K(O, 0)C(t,0)P*~1 — gK (0, t)m—l)
0

Lagrangian multiplier

t duR(t,u)C(t, U)m_l + B2 <C(t> 0) — K(0, t)m)
0

(0O + 84O 01 — K(0,07)
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P=3 spin spherical model partitioned in two subsystems

Vy=H1+ His 4+ Ho1 + Ho

7N fYN 'YNa(l_’Y)Nv (1—’)’)N,(1—’)/)N,
YN yN,yN (1=v)N (I=7)N

(1) (1) (1) g12) (1) 1) (2) 21) (1) _(2) (2 2) (2) (2) (2
> Tansiss Z U2 ! -y e eem s ) 00,0

i<j<k i<j,k 1<,k i<j<k

3=p-spin
spherical Model
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P=3 spin spherical model partitioned in two subsystems

Vy=H1+ His 4+ Ho1 + Ho

7N fYN 'YNa(l_’Y)Nv (1—’)’)N,(1—’)/)N,
YN yN,yN (1=v)N (I=7)N

(1) (1) (1) g12) (1) 1) (2) 21) (1) _(2) (2 2) (2) (2) (2
> Tansiss Z U2 ! -y e eem s ) 00,0

i<j<k i<j,k 1<,k i<j<k

Replicated partition function

m yN (1—y)N

(nm) _ /DSG/DJQ exp {BliH(SaHBiH(UQ)] IT60> siWap® —Np)o( Y 5;Por® — Npy)

a=1 7 )

3=p-spin
spherical Model
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P=3 spin spherical model partitioned in two subsystems

Vy=H1+ His 4+ Ho1 + Ho

7N fYN 'YNa(l_’Y)Nv (1—’)’)N,(1—’)/)N,
YN yN,yN (1=v)N (I=7)N

1) (1) (1) g12) (1) 1) (2) 21) (1) (2) (2 2) (2) (2) (2)
Z Jzyk ) ] Z ijk z' — Z J’l,(]k') 5) §) () Z Jy,(le Z() (

. ?
i<j<k i<j,k 1<,k i<j<k

Replicated partition function

m yN (1—y)N

Z(n,m) — /DS“/DOQ exp [B/zn:H(Sa) +6§:H(OQ)] H 5(283(1)0?(1) _ Nﬁl)(s( Z 82(2) 204(2) Nps )

a=1 7 )

fixed distance between fixed distance between
the two subsystems 1 the two subsystems 2

3=p-spin
spherical Model
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P=3 spin spherical model partitioned in two subsystems

Vy=H1+ His 4+ Ho1 + Ho

vN ’YN YN,(1=7)N, (1=7)N,(1=)N,
1) (1) (1) g12) (1) 1) (2) gl (21) (1) (2) (2) gl (2) (2 (2) (2)
JZJk i . Z ijk 5 - Z Jzyk S j Z ngk 1

. ?
i<j,k 1<j,k i<j<k

Replicated partition function

m yN (1—y)N

Z(n,m) — /DS“/DOQ exp [B/zn:H(Sa) +6§:H(OQ)] H 5(283(1)0?(1) _ Nﬁl)(s( Z 82(2) 204(2) Nps )

a=1 7 )

fixed distance between fixed distance between
the two subsystems 1 the two subsystems 2

e Average over disorder

3=p-spin
spherical Model
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P=3 spin spherical model partitioned in two subsystems

Vy=H1+ His 4+ Ho1 + Ho

vN ’YN YN,(1=7)N, (1=7)N,(1=)N,
1) (1) (1) g12) (1) 1) (2) gl (21) (1) (2) (2) gl (2) (2 (2) (2)
JZJk i . Z ijk 5 - Z ngk S j Z ngk 1

. ?
i<j,k 1<j,k i<j<k

Replicated partition function

m yN (1—y)N

Z(n,m) — /DSG/DO-OA exp [B/zn:H(Sa) +6§:H(JQ)] H 5(283(1)0?(1) _ Nﬁl)(s( Z 82(2) 204(2) Nps )

a=1 7 )

fixed distance between fixed distance between
the two subsystems 1 the two subsystems 2

e Average over disorder

Introduce

Single matrices
‘: Order parameter matrices { for system 1 and 2

3=p-spin

spherical Model TN 2SS - N 25 S | ) QW pl)
| Q= ( pOT  p(1) )

2 p@)
@_( €
Q —(p<2>T R<2>)
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Generalized RS ansatz

Using a saddle point technique to estimate the integral

Fnim) _ / pQ., / DAy exp[~NS(A, Q)] = exp[-NS(\*, Q"))

4

% In 277 = 4 1o (87 Z Q) + 26,8 Z P34 g2 Z RUY) + i = <62 Z Q2?1 28, Z p)3

a,b

i 2 (612 Z Qab
<52 Z Q(l) (2)2 + 26216 Z chlo)zpa a T 62 Z R(l) RE’?);)

o pM\ 1 Q(z) pe)
+ 5 ln det < P(l)T R(l) + 5 hld P(2)T R(Q)

2 4 25126213(22 2 + 7 ZR” R@))

3
(1—~
47

+ 82 R3S
o,

The Effective Potential can be obtained using

NV = — 19 1 ) -
om m:—(())

Potential Method
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Generalized RS ansatz

Using a saddle point technique to estimate the integral

Fnim) _ / pQ., / DAy exp[~NS(A, Q)] = exp[-NS(\*, Q"))

4

% In 277 = 4 1o (87 Z Q) + 26,8 Z P34 g2 Z RUY) + i = <62 Z Q2?1 28, Z p)3

a,b

i 2 (612 Z Qab
<52 Z Q(l) (2)2 + 26216 Z chlo)zpa a T 62 Z R(l) RE’?);)

o pM\ 1 Q(z) pe)
+ 5 ln det < P(l)T R(l) + 5 hld P(2)T R(Q)

2 4 25126213(22 2 + 7 ZR” R@))

3
(1—~
47

+ 82 R3S
o,

The Effective Potential can be obtained using

NV = -7 1z m>|

m=0
om =t

Potential Method
RS Ansatz Q:(Q P>:

for the Overlap Matrices mn
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Effective Potential

Potential Function

| 1
- BV(p1,r1,p2,72) = — 173(/32 +2B818p; — B
| !

— (1= 7)(6% + 2883 — 57 73)

4
3

4
3 o
4

1 rl—p%
_ - log[1 —
27(1—7& + log[1 — 1]

— (1= )*y(B* + 281 Bp1p5 — Brir

— 2 (1 =) (B + 28128 pi p2 — B°r7 12)

(1—7><

2
r2 — Py

Function V(p)

Potential Method
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Hamiltonian dynamics

Equation for the Hamiltonian dynamics of a generic p-spin spherical model

Correlation

02C(t, 1)

= ()

t/ . t
+g/ duR(t',u)C(t,u)P~* + M/ du C(t',u)R(t,u)C (t,u)P >
0 0

2
+ 5 (CW, 00,07 — K(0,¢)K (0,6

Response

O?R(t,t)

g = MORE) + s / k! R(u,t')R(t,u)C(t, u)P~2

2

+ @ /t ' du R(u, t')R(t,w)C(t, u)P~2

Pseudo-Correlation

02K (0,1)

Ot2 = — e (1) K(0,1) + p(p——l) /t du K(0,u)R(t,u)C(t, u)p—2

2 0
+ 82 (K(0,00(, 007" - K (0,1

Correlation and
Response Substituting:
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Equations for the dynamics

Correlation

92C1(t,t")

oz = Gt

+ plp—1) {73 /t duC1(t,u) Ry (t, ) (01 (t,u) + C1(t', u)) +92(1 - 7)/0 duCy(t', u) (C2(t7 u) Ry (t,u) + Gt u) Rao(t, u))

2 0

21— ) /0 t duCh (¢, ) (C’Q(t’, W) R1(t,u) + Cs(t,u) Ry (¢, u) + C1 (t, u) Ra(t, u)) }

n { B3 (Cl(t, 0)2C1(,0) — Ky (t,0)2K: (¢, 0)) +2B197%(1 — 7) (01 (£,0)C1 (¢, 0)Ca(t, 0) — K1 (t,0)K1(t', 0)Ka(t, 0))

+ B1a72(1 =) (Cl(t, 0)2Cs(t',0) — K1 (t,0)2 Kot 0)) }

Response
TEaLt) R@lg D ) 4 > D [ / ' C () Ba (1, ) (7*Ra(u. ') +72(1 = 7) Ra(u, ) )

Ty

t/

du Ry (u,t") (C’z(t, w)Ry(t,u) + C1(t, u)Ra(t, U))]

Pseudo-Correlation

02K (t,t)

+ P(p2— 1) [/ du K71 (0,u)Rq(t,u) <73C’1(t, u) +v*(1 — ) Calt, u)) +9%(1 — 7)/tdu01(t, ) <K2(0, w)Ry(t,u) + K1(0,u)Ra(t, u))]
0 , 0
Correlation and n 7_9{&73(01(15, 0)2K1(0,0) — g1 K1(0,6)2) T By (1 —7) [ (C1(t,0)*K2(0,0) — g2 K1(0,1)?)
Response 2

+2(Ca(t,0)Ca(t, 0)K1(0,0) — a1 K1 (0,1)K2(0, ) | }
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Further developments

- 1-RSB treatment of the potential for the static formulation in the 2+3 spin

spherical model

- Full RSB treatment of the potential for the static formulation in the 2+4 spin

spherical model

- Numerical results for the integro-differential equations for correlation, response,

pseudo-correlation and lagrangian multiplier

- Comparison between static (using the effective potential) and dynamic results

Hopefully find some connections between

Ergodicity Breaking in FPU and Spin Glasses

Future
developments
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