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Applications:

Develop dynamic BP (Belief Propagation) methods
to give a description of non-equilibrium states 

 NETADIS Project outlines:

“ Cavity Method for non-equilibrium states”
Title:

Compare the results with naive mean field 
and dynamic TAP methods

To dynamics of spin glasses and neural networks models, 
disease spreading models, communicate systems...

Supervisor: Erik Aurell
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 Other formative experiences so far:

Trieste, ICTP, SISSA

First secondment:

 Matteo Marsili

- Advanced topics in probability theory
- Winter school in  Quantitative System Biology (ICTP)

“Glauber dynamics of disordered Ising Chain ”

General macroscopic analysis of dynamics

Formative collaborations:

Helsinki, Aalto University Alexander Mozeika

Work done so far on the project:

Second secondment:

Paris, Université Paris-Sud Silvio Franz

Gino Del Ferraro

- dynamics cavity methods on spin glasses

 the end of October - the end of December
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 Current project: Glauber dynamics of Ising chain

OUTLINE - MODEL

• Equilibrium: Boltzmann-Gibbs distribution

• Dynamics:
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Glauber choice for updating:
it will satisfy detailed balance 

for symmetric interactions

- Microscopic description,  Macroscopic description  

- Parallel, - Sequential

probability distribution of microstates macroscopic observables

Thursday, February 14, 13



 Current project: Glauber dynamics of disordered Ising chain

 - Microscopic (sequential) dynamics -
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Neural Networks in a nutshell Dynamics for microscopic state probabilities Macrodynamics in probabilistic form Appendix: detailed balanceParallel dynamics Sequential dynamics

Sequential dynamics

Sequential dynamics: stochasticity in both the choice of i and
the update; if both known
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Neural Networks in a nutshell Dynamics for microscopic state probabilities Macrodynamics in probabilistic form Appendix: detailed balanceParallel dynamics Sequential dynamics

Sequential dynamics

Sequential dynamics: stochasticity in both the choice of i and
the update; if both known

pt+�

(�) =
1

2
[1 + �i tanh�hi(�(t)))

Y

j 6=i

��j ,�j(t)

i unknown

pt+�

(�) =
1

N

N
X

i=1

8

<

:

1

2
[1 + �i tanh�hi(�(t)))

Y

j 6=i

��j ,�j(t)

9

=

;

�(t) unknown

pt+�

(�) =
X

�0

W (�,�0)pt(�
0)

with W (�,�0) =
1

N

N
X

i=1

8

<

:

1

2
[1 + �i tanh�hi(�

0))
Y

j 6=i

��j ,�0
j

9

=

;

A Annibale Dynamical Analysis of Complex Systems

where

 Current project: Glauber dynamics of Ising chain
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General case:
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- Spin-flip operator

- Transition rate
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Objectives

dynamical equation for microscopic state probability p
t

(�)

+ non� equilibrium statistical mechanics

dynamical equations for P
t

(⌦) for suitable small set of
macroscopic quantities ⌦(�) = (⌦1(�), ...,⌦n

(�)).

+ N ! 1

Often macroscopic dynamics becomes deterministic

+ suitable structure of interaction matrix

closed set of deterministic laws for ⌦ (restriction on the number n
of macroscopic state variables)
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Often macroscopic dynamics 
becomes deterministic

Goal: to obtain a closed set of deterministic laws restricted to the number of macro-variables

define
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 - Macroscopic dynamics -
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Zm̂,Ê
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Often macroscopic dynamics 
becomes deterministic

Goal: to obtain a closed set of deterministic laws restricted to the number of macro-variables

define

 Current project: Glauber dynamics of disordered Ising chain

 - Macroscopic dynamics -
 Current project: Glauber dynamics of Ising chain
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Evolution of the probability - Kramer-Moyal expansion (keeping only first term)
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Liouville equation

Deterministic flow

It is not closed!
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  Dinamica di Langevin per i linfociti B

Gino Del Ferraro

Rete degli Helpers
Discriminazione Self Non-Self

Network Idiotipico
Sistema  Immunitario Dinamica di Langevin

Self Non-Self in immunologia

O(1010) - O(1012)

102 - 104

⇥µi = (1, 0, . . . , 1, 0, 1)

⇥µi = (0, 1, . . . , 0, 1, 0) ⇥µi = (1, 0, . . . , 1, 0, 0)
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i = ±1 i �
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Plink(⇤i, ⇤j ; a,�, L) =
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1

La risposta del linfocita B mu-esimo •  network idiotipico dei linfociti B

•  interazioni tra linfociti B e linfociti Helpers

•  interazione tra linfociti B e antigeni

La variazione nel tempo della risposta del linfocita B può essere descritta da un processo di Langevin:

concentrate only on the B cells.
Now, B lymphocytes secrete antibodies, which, given the huge amount

of di�erent clones, may detect antibodies secreted by other lymphocytes:
Via this mechanism, antibodies not only detect antigens, but also function
as individual internal images of certain antigens and are themselves being
detected and acted upon. In this way an interaction network for B cells is
formed and it provides a "dynamical memory" of the immune system, by
keeping the concentrations of antibodies and of lymphocytes at appropriate
levels. See also Sec. (1.6) and (3.1) for more details. The interplay among
such antibody concentrations allows a network of mutually interacting lym-
phocytes whose topological properties have also been shown to be able to
explain basic phenomena such as self/non-self recognition and low-dose tol-
erance [19, 20]. Another issue following this point is that, while B cells of the
same clone do not interact among themselves, B cells belonging to di�erent
clones (provided that their anticorpal matching is strong enough) tend to
imitate reciprocally: if the first clone undergoes clonal expansion, the clone
corresponding to the anti-antibody will follow it, and viceversa. We will refer
to this behaviour as Jern’s e�ect o Jern’s term.

Considering the interactions between B lymphocytes and the rest of the ac-
tors introduced at the begining of this chapter, we can now build a dynamical
system where B cells interact with each others in this way (i.e. ferromag-
netically) and with helpers via cytokine exchange as well. If we indicate
with bµ ⇤ R, µ = 1, . . . , B the logarithm of the change from balance of the
clone’s concentration µ-th and with hi ⇤ {�1, 1} , i = 1, . . . , H the activation
of hi-th clone, the evolution of B-activity then follows an Ornstein-Uhlenbeck
process [71] like

⇧
dbµ
dt

=
B�

�=1

Jµ�(b� � bµ) +

⇥
�

H

H�

i=1

⌅µi hi +Aµ +
⌅
⇧⇥µ. (6.1)

where the first term Jµ�(b� � bµ) represents the interactions among µ-th
and ⇤-th B-clone and it is of elastic type: it depends only by di�erence of
concentration between the two B clones and is modulated by the coupling
Jµ� which in turn depends on the a⇥nity (complementarity) of the antibod-
ies produced by bµ and b� , in particular Jµ� ⇥ 0 (see Sec. 3.3). The second
term represents the field acting on the bµ lymphocyte due to coupling with
the system of TH lymphocytes: in a nutshell, it takes into account the inter-
actions among B and helper cells mediated by cytochine ⌅µi . The third term
is the field generated by the high concentration of the antigen in the body,
while the last term is a gaussian white noise. Finally ⇧ represents the typical
time-scale for the B-cell di�usion and the term

⌅
� takes account of the fact

that the noise acting on the first and on the second term (B-B interactions
and B-H interaction respectively) could be di�erent, so through this term
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Contributo dalla rete dei B Contributo dovuto agli Helpers
Termine di Antigene

giovedì 29 marzo 2012
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our considered case:

Thursday, February 14, 13



Gino Del Ferraro

  Dinamica di Langevin

8

•How to close it:

Equipartition assumption
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Closure

Ways out:

either assume equipartitioning in sub-shell i.e.

p
t

(�) = p
t

8 � : ⌦(�) = ⌦ and use replica identity
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equipartitioning assumption ok for t = 0 and t = 1 but validity at general time can only be judged a

posteriori

or choose (if possible, will need particular forms of interaction
matrix) ⌦ s.t. f(�) = f(⌦(�))
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N!1

N
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A Annibale Dynamical Analysis of Complex Systems

 - Assumptions -
 Current project: Glauber dynamics of Ising chain
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The averages simplify:
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The averages simplify:

From microcanonical to canonical measure
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The equation (14) is exact but not closed as it still contains the probability p
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Equipartition assumption allows us to close the dynamic equations (14). How-
ever these equations are no longer exact but only constitute approximations

to the true evolution of ⌦(t). The quality of this approximation is crucially
depends on the set of observables ⌦(s).
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ŝ
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Zm̂,Ê
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Canonical probability 
distribution
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Pm̂,Ê(�) =
eNm̂·m(�)+NÊ·E(�)
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Deterministic flow
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La risposta del linfocita B m
u-esim

o
•   network idiotipico dei linfociti B
•   interazioni tra linfociti B e linfociti Helpers
•   interazione tra linfociti B e antigeni

La variazione nel tem
po della risposta del linfocita B può essere descritta da un processo di Langevin:

concentrate
only

on
the

B
cells.

N
ow

,
B

lym
phocytes

secrete
antibodies,

w
hich,

given
the

huge
am

ount
of

di�erent
clones,

m
ay

detect
antibodies

secreted
by

other
lym

phocytes:
V

ia
this

m
echanism

,antibodies
not

only
detect

antigens,but
also

function
as

individual
internal

im
ages

of
certain

antigens
and

are
them

selves
being

detected
and

acted
upon.

In
this

w
ay

an
interaction

netw
ork

for
B

cells
is

form
ed

and
it

provides
a

"dynam
ical

m
em

ory"
of

the
im

m
une

system
,

by
keeping

the
concentrations

ofantibodies
and

oflym
phocytes

at
appropriate

levels.
See

also
Sec.

(1.6)
and

(3.1)
for

m
ore

details.
T

he
interplay

am
ong

such
antibody

concentrations
allow

s
a

netw
ork

ofm
utually

interacting
lym

-
phocytes

w
hose

topological
properties

have
also

been
show

n
to

be
able

to
explain

basic
phenom

ena
such

as
self/non-selfrecognition

and
low

-dose
tol-

erance
[19,20].

A
notherissue

follow
ing

thispointisthat,w
hile

B
cellsofthe

sam
e

clone
do

not
interact

am
ong

them
selves,B

cells
belonging

to
di�erent

clones
(provided

that
their

anticorpal
m

atching
is

strong
enough)

tend
to

im
itate

reciprocally:
ifthe

first
clone

undergoes
clonalexpansion,the

clone
corresponding

to
the

anti-antibody
w

illfollow
it,and

viceversa.
W

e
w

illrefer
to

this
behaviour

as
Jern’s

e�ect
o

Jern’s
term

.

C
onsidering

the
interactions

betw
een

B
lym

phocytes
and

the
rest

ofthe
ac-

torsintroduced
atthe

begining
ofthischapter,w

e
can

now
build

a
dynam

ical
system

w
here

B
cells

interact
w

ith
each

others
in

this
w

ay
(i.e.

ferrom
ag-

netically)
and

w
ith

helpers
via

cytokine
exchange

as
w

ell.
If

w
e

indicate
w

ith
b
µ
⇤
R
,
µ
=

1,...,B
the

logarithm
ofthe

change
from

balance
ofthe

clone’sconcentration
µ-th

and
w

ith
h
i ⇤

{�
1,1}

,i
=

1,...,H
the

activation
of

h
i -th

clone,the
evolution

ofB
-activity

then
follow

san
O

rnstein-U
hlenbeck

process
[71]like

⇧
db

µ

dt
=

B
��
=
1

J
µ
� (b

�
�
b
µ )

+

⇥
�H

H�i=
1

⌅
µi
h
i +

A
µ
+
⌅
⇧
⇥
µ .

(6.1)

w
here

the
first

term
J
µ
� (b

� �
b
µ )

represents
the

interactions
am

ong
µ-th

and
⇤-th

B
-clone

and
it

is
of

elastic
type:

it
depends

only
by

di�erence
of

concentration
betw

een
the

tw
o

B
clones

and
is

m
odulated

by
the

coupling
J
µ
�

w
hich

in
turn

depends
on

the
a⇥

nity
(com

plem
entarity)

ofthe
antibod-

ies
produced

by
b
µ

and
b
� ,in

particular
J
µ
�
⇥

0
(see

Sec.
3.3).

T
he

second
term

represents
the

field
acting

on
the

b
µ

lym
phocyte

due
to

coupling
w

ith
the

system
ofT

H
lym

phocytes:
in

a
nutshell,it

takes
into

account
the

inter-
actions

am
ong

B
and

helper
cells

m
ediated

by
cytochine

⌅
µi .

T
he

third
term

is
the

field
generated

by
the

high
concentration

ofthe
antigen

in
the

body,
w

hile
the

lastterm
is

a
gaussian

w
hite

noise.
Finally

⇧
represents

the
typical

tim
e-scale

for
the

B
-celldi�usion

and
the

term
⌅
�

takes
account

ofthe
fact

that
the

noise
acting

on
the

first
and

on
the

second
term

(B
-B

interactions
and

B
-H

interaction
respectively)

could
be

di�erent,
so

through
this

term
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Contributo dalla rete dei B
Contributo dovuto agli Helpers

Term
ine di Antigene

giovedì 29 m
arzo 2012

 this average over 
configurations is performed 

with the cavity method
- Introducing an average spin-field distribution

with the cavity method (homogeneous case):

P (h|mt, Et) = lim

N!1

1

N

X

i

hh�(h� hi(�))imt,EtiJ,h̃ (15)

d

dt
Pt(⌦) = �

LX

µ=1

(
@

@⌦µ
Pt(⌦)

*
NX

i=1

wi(�)�
µ
i (�)

+

⌦;t

)
(16)

hf(�)i⌦;t =

P
� pt(�)�[⌦�⌦(�)] f(�)P

�̂ pt(ˆ�)�[⌦�⌦(

ˆ�)]
(17)

pt(�) ⌘ �[⌦(�); t] (18)

�(t) (19)

wi(�) =
1

2

[1� �i tanh[�hi(�)]] (20)

m = hm(�)i =
X

�

pm̂,Ê(�)m(�) (21)

E = hE(�)i =
X

�

pm̂,Ê(�)E(�) (22)

m(t) = m(0)e�(1�tanh(2�J))t (23)

d

dt
rj,k(t) = �2rj,k(t)+

1

2

tanh(2�J){rj,k�1(t)+rj,k+1(t)+rj�i,k(t)+rj+1,k(t)}

E(t) = � 1

N

X

i

ri,i+1(t) (24)

rj,j(t) = 1 (25)

h�s,�0�(h� h0(~�))i = 1

Z

X

�0,�1,�2

e [m̂�0+Ê�0h+h̃(�1+�2)] �s,�0�(h� J(�1 + �2))

=

1

Z

X

�1,�2

e [m̂s+Êsh+h̃(�1+�2)] �(h� J(�1 + �2))

(26)
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 Current project: Glauber dynamics of Ising chain
- Back to the model -

Neural Networks in a nutshell Dynamics for microscopic state probabilities Macrodynamics in probabilistic form Appendix: detailed balanceObjectives Sequential dynamics Parallel dynamics

Deterministic flow

Liouville equation

@

@t
Pt(⌦) = �

n
X

µ=1

@

@⌦µ
[Pt(⌦)F (1)

µ (⌦, t)]

deterministic flow
d

dt
⌦ = F (1)(⌦, t)

However, in general not autonomous

F (1)
µ

(⌦, t) = h
X

i

w
i

(�)�
iµ

i
⌦,t

requires p
t

(�)

A Annibale Dynamical Analysis of Complex Systems

Differential equation 
for the observables

with the macroscopic analysis of dynamics:

H(�) = �P
i Ji,i+1�i�i+1 �

P
i ✓i�i

p1(�) =
1

Z
e��E(�) (1)

Prob(�i(t+ 1)) =

1

2

(1 + �i(t+ 1) tanh(�hi(�(t))), (2)

d

dt
pt(�) =
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wi(�) =
1

2

[1� �i tanh[�hi(�)]] (4)
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X
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La risposta del linfocita B m
u-esim

o
•   network idiotipico dei linfociti B
•   interazioni tra linfociti B e linfociti Helpers
•   interazione tra linfociti B e antigeni

La variazione nel tem
po della risposta del linfocita B può essere descritta da un processo di Langevin:

concentrate
only

on
the

B
cells.

N
ow

,
B

lym
phocytes

secrete
antibodies,

w
hich,

given
the

huge
am

ount
of

di�erent
clones,

m
ay

detect
antibodies

secreted
by

other
lym

phocytes:
V

ia
this

m
echanism

,antibodies
not

only
detect

antigens,but
also

function
as

individual
internal

im
ages

of
certain

antigens
and

are
them

selves
being

detected
and

acted
upon.

In
this

w
ay

an
interaction

netw
ork

for
B

cells
is

form
ed

and
it

provides
a

"dynam
ical

m
em

ory"
of

the
im

m
une

system
,

by
keeping

the
concentrations

ofantibodies
and

oflym
phocytes

at
appropriate

levels.
See

also
Sec.

(1.6)
and

(3.1)
for

m
ore

details.
T

he
interplay

am
ong

such
antibody

concentrations
allow

s
a

netw
ork

ofm
utually

interacting
lym

-
phocytes

w
hose

topological
properties

have
also

been
show

n
to

be
able

to
explain

basic
phenom

ena
such

as
self/non-selfrecognition

and
low

-dose
tol-

erance
[19,20].

A
notherissue

follow
ing

thispointisthat,w
hile

B
cellsofthe

sam
e

clone
do

not
interact

am
ong

them
selves,B

cells
belonging

to
di�erent

clones
(provided

that
their

anticorpal
m

atching
is

strong
enough)

tend
to

im
itate

reciprocally:
ifthe

first
clone

undergoes
clonalexpansion,the

clone
corresponding

to
the

anti-antibody
w

illfollow
it,and

viceversa.
W
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La risposta del linfocita B m
u-esim

o
•   network idiotipico dei linfociti B
•   interazioni tra linfociti B e linfociti Helpers
•   interazione tra linfociti B e antigeni

La variazione nel tem
po della risposta del linfocita B può essere descritta da un processo di Langevin:

concentrate
only

on
the

B
cells.

N
ow

,
B

lym
phocytes

secrete
antibodies,

w
hich,

given
the

huge
am

ount
of

di�erent
clones,

m
ay

detect
antibodies

secreted
by

other
lym

phocytes:
V

ia
this

m
echanism

,antibodies
not

only
detect

antigens,but
also

function
as

individual
internal

im
ages

of
certain

antigens
and

are
them

selves
being

detected
and

acted
upon.

In
this

w
ay

an
interaction

netw
ork

for
B

cells
is

form
ed

and
it

provides
a

"dynam
ical

m
em

ory"
of

the
im

m
une

system
,

by
keeping

the
concentrations

ofantibodies
and

oflym
phocytes

at
appropriate

levels.
See

also
Sec.

(1.6)
and

(3.1)
for

m
ore

details.
T

he
interplay

am
ong

such
antibody

concentrations
allow

s
a

netw
ork

ofm
utually

interacting
lym

-
phocytes

w
hose

topological
properties

have
also

been
show

n
to

be
able

to
explain

basic
phenom

ena
such

as
self/non-selfrecognition

and
low

-dose
tol-

erance
[19,20].
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notherissue

follow
ing

thispointisthat,w
hile

B
cellsofthe

sam
e

clone
do

not
interact
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ong

them
selves,B

cells
belonging

to
di�erent

clones
(provided

that
their

anticorpal
m

atching
is

strong
enough)

tend
to

im
itate

reciprocally:
ifthe

first
clone

undergoes
clonalexpansion,the

clone
corresponding

to
the

anti-antibody
w

illfollow
it,and

viceversa.
W

e
w

illrefer
to

this
behaviour

as
Jern’s

e�ect
o

Jern’s
term

.

C
onsidering

the
interactions

betw
een

B
lym

phocytes
and

the
rest

ofthe
ac-

torsintroduced
atthe

begining
ofthischapter,w

e
can

now
build

a
dynam

ical
system

w
here

B
cells

interact
w

ith
each

others
in

this
w

ay
(i.e.

ferrom
ag-

netically)
and

w
ith

helpers
via

cytokine
exchange

as
w

ell.
If

w
e

indicate
w

ith
b
µ
⇤
R
,
µ
=

1,...,B
the

logarithm
ofthe

change
from

balance
ofthe

clone’sconcentration
µ-th

and
w

ith
h
i ⇤

{�
1,1}

,i
=

1,...,H
the

activation
of

h
i -th

clone,the
evolution

ofB
-activity

then
follow

san
O

rnstein-U
hlenbeck

process
[71]like

⇧
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w
here

the
first

term
J
µ
� (b

� �
b
µ )

represents
the

interactions
am

ong
µ-th

and
⇤-th

B
-clone

and
it

is
of

elastic
type:

it
depends

only
by

di�erence
of

concentration
betw

een
the

tw
o

B
clones

and
is

m
odulated

by
the

coupling
J
µ
�

w
hich

in
turn

depends
on

the
a⇥

nity
(com

plem
entarity)

ofthe
antibod-

ies
produced

by
b
µ

and
b
� ,in

particular
J
µ
�
⇥

0
(see

Sec.
3.3).

T
he

second
term

represents
the

field
acting

on
the

b
µ

lym
phocyte

due
to

coupling
w

ith
the

system
ofT

H
lym

phocytes:
in

a
nutshell,it

takes
into

account
the

inter-
actions

am
ong

B
and

helper
cells

m
ediated

by
cytochine

⌅
µi .

T
he

third
term

is
the

field
generated

by
the

high
concentration

ofthe
antigen

in
the

body,
w

hile
the

lastterm
is

a
gaussian

w
hite

noise.
Finally

⇧
represents

the
typical

tim
e-scale

for
the

B
-celldi�usion

and
the

term
⌅
�

takes
account

ofthe
fact

that
the

noise
acting

on
the

first
and

on
the

second
term

(B
-B

interactions
and

B
-H

interaction
respectively)

could
be

di�erent,
so

through
this

term
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ISING CHAIN MODEL

We followed a cavity field approach to derive equations for magnetisation
and energy. After several calculations we defined the cavity field and we
wrote the expression for magnetisation and energy in terms of this field.

Introducing an average spin-field distribution is possible to write down
the magnetisation and the energy. The average spin-field distribution is
defined as:

h�s,�0�(h� h0(~�))i =
1

Z

X

�0,�1,�2

e [m̂�0+Ê�0h+h̃(�1+�2)] �s,�0�(h� h0(~�))

=

1

Z

X

�1,�2

e [m̂s+Êsh+h̃(�1+�2)] �(h� J(�1 + �2))
(1)

where above we substituted h0(~�) = J(�1 + �2) and we assumed that

lim

N!1

1

N

X

i2V
h�s,�i�(h� hi(~�))i = h�s,�0�(h� h0(~�))i (2)

By using last expression is possible to define the magnetization by:

m =

X

s

Z
dh s · h�s,�0�(h� h0(~�))i

=

1

Z

X

s

Z
dh s ·

X

�1,�2

e [m̂s+Êsh+h̃(�1+�2)]�(h� J(�1 + �2))

=

1

Z

X

s,�1,�2

s · e [m̂s+ÊsJ(�1+�2)+h̃(�1+�2)]

(3)

with the same notation the energy is defined by:

E = �1

2

X

s

Z
dhh�s,�0�(h� h0(~�))i s h

=� 1

2Z

X

s

Z
dh

X

�1,�2

e [m̂s+Êsh+h̃(�1+�2)] · s h · �(h� J(�1 + �2))

= � 1

2Z

X

s,�1,�2

e [m̂s+ÊsJ(�1+�2)+h̃(�1+�2)] s J(�1 + �2)

(4)

The cavity field recursive-equation obtained for this particular model reads:
˜h = m̂+ arctanh(tanh ( ˆEJ) tanh (˜h)) (5)

By computing explicitly the Partition Function one obtains:

Z =

X

�0,�1,�2

e [m̂�0+Ê�0h+h̃(�1+�2)]
=

X

�0,�1,�2

e [m̂�0+Ê�0J(�1+�2)+h̃(�1+�2)]

=2

⇥
cosh (m̂+ 2

ˆEJ)e2h̃ + cosh (m̂� 2

ˆEJ)e�2h̃
+ 2 cosh(m̂)

⇤
(6)
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(1)

where above we substituted h0(~�) = J(�1 + �2) and we assumed that
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N!1
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N

X

i2V
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By using last expression is possible to define the magnetization by:
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with the same notation the energy is defined by:
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=� 1

2Z

X

s

Z
dh

X

�1,�2
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(4)

The cavity field recursive-equation obtained for this particular model reads:
˜h = m̂+ arctanh(tanh ( ˆEJ) tanh (˜h)) (5)

By computing explicitly the Partition Function one obtains:

Z =

X

�0,�1,�2
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X
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cosh (m̂+ 2

ˆEJ)e2h̃ + cosh (m̂� 2

ˆEJ)e�2h̃
+ 2 cosh(m̂)

⇤
(6)
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Now after having substituted last expression in the above equations we ob-
tained the explicit formulas for magnetization and energy.
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Or equivalently, using the explicit formula (1), we obtained for the energy:
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ˆEJ)e2h̃ + cosh (m̂� 2

ˆEJ)e�2h̃
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(8)

So one has to solve numerically the following three coupled equations for the
magnetisation, the energy and the cavity field:
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˜h = m̂+ arctanh(tanh ( ˆEJ) tanh (˜h))

(9)

It’s also possible to get different expressions for the magnetisation and energy.
Indeed from (3) and (4) performing first the sum over �1,�2 and then the
sum over s (for (6) one needs to perform first the sum over �1,�2 and then
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Proceeding in the same way for the energy:
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ISING CHAIN MODEL

We followed a cavity field approach to derive equations for magnetisation
and energy. After several calculations we defined the cavity field and we
wrote the expression for magnetisation and energy in terms of this field.

Introducing an average spin-field distribution is possible to write down
the magnetisation and the energy. The average spin-field distribution is
defined as:

h�s,�0�(h� h0(~�))i =
1

Z

X

�0,�1,�2

e [m̂�0+Ê�0h+h̃(�1+�2)] �s,�0�(h� h0(~�))

=

1

Z

X

�1,�2

e [m̂s+Êsh+h̃(�1+�2)] �(h� J(�1 + �2))
(1)

where above we substituted h0(~�) = J(�1 + �2) and we assumed that

lim

N!1

1

N

X

i2V
h�s,�i�(h� hi(~�))i = h�s,�0�(h� h0(~�))i (2)

By using last expression is possible to define the magnetization by:

m =

X

s

Z
dh s · h�s,�0�(h� h0(~�))i

=

1

Z

X

s

Z
dh s ·

X

�1,�2

e [m̂s+Êsh+h̃(�1+�2)]�(h� J(�1 + �2))

=

1

Z

X

s,�1,�2

s · e [m̂s+ÊsJ(�1+�2)+h̃(�1+�2)]

(3)

with the same notation the energy is defined by:

E = �1

2

X

s

Z
dhh�s,�0�(h� h0(~�))i s h

=� 1

2Z

X

s

Z
dh

X

�1,�2

e [m̂s+Êsh+h̃(�1+�2)] · s h · �(h� J(�1 + �2))

= � 1

2Z

X

s,�1,�2

e [m̂s+ÊsJ(�1+�2)+h̃(�1+�2)] s J(�1 + �2)

(4)

The cavity field recursive-equation obtained for this particular model reads:
˜h = m̂+ arctanh(tanh ( ˆEJ) tanh (˜h)) (5)

By computing explicitly the Partition Function one obtains:

Z =

X

�0,�1,�2

e [m̂�0+Ê�0h+h̃(�1+�2)]
=

X

�0,�1,�2

e [m̂�0+Ê�0J(�1+�2)+h̃(�1+�2)]

=2

⇥
cosh (m̂+ 2

ˆEJ)e2h̃ + cosh (m̂� 2

ˆEJ)e�2h̃
+ 2 cosh(m̂)

⇤
(6)

1

 Cavity Field equation

With equation (1) it is possible to compute the probability distribution of
the local field h(~�):

P (h) = h�(h� h0(�))i =
X

s

h�s,��(h� h0(�))i (19)

which explicitly reads:

P (h) =
cosh (m̂+

ˆEh)
⇣
e2h̃�(h� 2J) + e�2h̃�(h+ 2J) + 2�(h)

⌘

cosh (m̂+ 2

ˆEJ)e2h̃ + cosh (m̂� 2

ˆEJ)e�2h̃
+ 2 cosh(m̂)

(20)

with this last expression it is possible to compute the magnetisation and
energy dynamics:

dm

dt
= �m+

Z
dhP (h) tanh (�h) (21)

dE

dt
= �2E �

Z
dhP (h) tanh (�h)h (22)

Computation procedure:

First of all one defines the values for J , the temperature T = 1/� and
the number of iterations to find the solution. To compute the value of the
magnetisation and energy it is possible to discretize the differential equations
for magnetisation and energy. They become:

m(t+�t) = m(t) +�t
h
�m(t) +

Z
dhP (h) tanh (�h)

i
(23)

E(t+�t) = E(t) +�t
h
� 2E �

Z
dhP (h) tanh (�h)h

i
(24)

Substituting the expression (20) found for P (h) and doing the integral over
h one obtains:
m(t+�) = m(t)+

�t
h
�m(t) +

e2h̃ cosh (m̂+ 2

ˆEJ) tanh (2�J) + e�2h̃
cosh (m̂� 2

ˆEJ) tanh (�2�J)

cosh (m̂+ 2

ˆEJ)e2h̃ + cosh (m̂� 2

ˆEJ)e�2h̃
+ 2 cosh(m̂)

i

= m(t)+

�t
h
�m(t) +

tanh (2�J)
h
e2h̃ cosh (m̂+

ˆ

2EJ)� e�2h̃
cosh (m̂� 2

ˆEJ)
i

cosh (m̂+ 2

ˆEJ)e2h̃ + cosh (m̂� 2

ˆEJ)e�2h̃
+ 2 cosh(m̂)

i

(25)

and for the energy:

E(t+�) = E(t)+

�t
h
� 2E(t)�

2J tanh (2�J)
⇥
cosh (m̂+ 2

ˆEJ)e2h̃ + e�2h̃
cosh (m̂� 2

ˆEJ)
⇤

cosh (m̂+ 2

ˆEJ)e2h̃ + cosh (m̂� 2

ˆEJ)e�2h̃
+ 2 cosh(m̂)

i

(26)
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h
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ˆ
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and for the energy:

E(t+�) = E(t)+

�t
h
� 2E(t)�

2J tanh (2�J)
⇥
cosh (m̂+ 2

ˆEJ)e2h̃ + e�2h̃
cosh (m̂� 2

ˆEJ)
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ˆEJ)e�2h̃
+ 2 cosh(m̂)

i

(26)

4

P (h|mt, Et) = lim

N!1

1

N

X

i

hh�(h� hi(�))imt,EtiJ,h̃ (15)

d

dt
Pt(⌦) = �

LX

µ=1

(
@

@⌦µ
Pt(⌦)

*
NX

i=1

wi(�)�
µ
i (�)

+

⌦;t

)
(16)

hf(�)i⌦;t =

P
� pt(�)�[⌦�⌦(�)] f(�)P

�̂ pt(ˆ�)�[⌦�⌦(

ˆ�)]
(17)

pt(�) ⌘ �[⌦(�); t] (18)

�(t) (19)

wi(�) =
1

2

[1� �i tanh[�hi(�)]] (20)

m = hm(�)i =
X

�

pm̂,Ê(�)m(�) (21)

E = hE(�)i =
X

�

pm̂,Ê(�)E(�) (22)

m(t) = m(0)e�(1�tanh(2�J))t (23)

d

dt
rj,k(t) = �2rj,k(t)+

1

2

tanh(2�J){rj,k�1(t)+rj,k+1(t)+rj�i,k(t)+rj+1,k(t)}

E(t) = � 1

N

X

i

ri,i+1(t) (24)

rj,j(t) = 1 (25)

2

Probability of 
the real field

 this average over 
configurations is performed 

with the cavity method
- Introducing an average spin-field distribution

with the cavity method (homogeneous case):

P (h|mt, Et) = lim

N!1

1

N

X

i

hh�(h� hi(�))imt,EtiJ,h̃ (15)

d

dt
Pt(⌦) = �

LX
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@
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wi(�)�
µ
i (�)
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)
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(17)

pt(�) ⌘ �[⌦(�); t] (18)
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wi(�) =
1

2
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X
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X

�
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m(t) = m(0)e�(1�tanh(2�J))t (23)

d

dt
rj,k(t) = �2rj,k(t)+

1

2

tanh(2�J){rj,k�1(t)+rj,k+1(t)+rj�i,k(t)+rj+1,k(t)}

E(t) = � 1

N

X

i

ri,i+1(t) (24)

rj,j(t) = 1 (25)

h�s,�0�(h� h0(~�))i = 1

Z

X

�0,�1,�2

e [m̂�0+Ê�0h+h̃(�1+�2)] �s,�0�(h� J(�1 + �2))

=

1

Z

X

�1,�2

e [m̂s+Êsh+h̃(�1+�2)] �(h� J(�1 + �2))

(26)
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2

Roy J. Glauber  - “TimeDependent Statistics of the Ising Model ” (1963)

evolution of the magnetization
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La risposta del linfocita B m
u-esim

o
•   network idiotipico dei linfociti B
•   interazioni tra linfociti B e linfociti Helpers
•   interazione tra linfociti B e antigeni

La variazione nel tem
po della risposta del linfocita B può essere descritta da un processo di Langevin:

concentrate
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B
cells.
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concentrations
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(3.1)
for
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details.
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-dose
tol-

erance
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B
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produced
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µ
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J
µ
�
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0
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Sec.
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 Our theory doesn’t match Glauber’s perfectly
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Current Project so farFormative experiences

We assume that all the observables are self-averaging

Methods to take averages over disorder in this setting:

• Dynamical Replica Analysis (A.C.C. Coolen and D. Sherrington)

• Cavity Method (G. Parisi and M. Mézard)
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e [m̂�0+Ê�0h+h̃(�1+�2)] �s,�0�(h� J(�1 + �2))

=

1

Z

X

�1,�2
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P

i Ji,i+1�i�i+1+✓
P

i �i) (10)

Zm̂,Ê =
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La risposta del linfocita B m
u-esim

o
•   network idiotipico dei linfociti B
•   interazioni tra linfociti B e linfociti Helpers
•   interazione tra linfociti B e antigeni

La variazione nel tem
po della risposta del linfocita B può essere descritta da un processo di Langevin:

concentrate
only

on
the

B
cells.

N
ow

,
B

lym
phocytes

secrete
antibodies,

w
hich,

given
the

huge
am

ount
of

di�erent
clones,

m
ay

detect
antibodies

secreted
by

other
lym

phocytes:
V

ia
this

m
echanism

,antibodies
not

only
detect

antigens,but
also

function
as

individual
internal

im
ages

of
certain

antigens
and

are
them

selves
being

detected
and

acted
upon.

In
this

w
ay

an
interaction

netw
ork

for
B

cells
is

form
ed

and
it

provides
a

"dynam
ical

m
em

ory"
of

the
im

m
une

system
,

by
keeping

the
concentrations

ofantibodies
and

oflym
phocytes

at
appropriate

levels.
See

also
Sec.

(1.6)
and

(3.1)
for

m
ore

details.
T

he
interplay

am
ong

such
antibody

concentrations
allow

s
a

netw
ork

ofm
utually

interacting
lym

-
phocytes

w
hose

topological
properties

have
also

been
show

n
to

be
able

to
explain

basic
phenom

ena
such

as
self/non-selfrecognition

and
low

-dose
tol-

erance
[19,20].

A
notherissue

follow
ing

thispointisthat,w
hile

B
cellsofthe

sam
e

clone
do

not
interact

am
ong

them
selves,B

cells
belonging

to
di�erent

clones
(provided

that
their

anticorpal
m

atching
is

strong
enough)

tend
to

im
itate

reciprocally:
ifthe

first
clone

undergoes
clonalexpansion,the

clone
corresponding

to
the

anti-antibody
w

illfollow
it,and

viceversa.
W

e
w

illrefer
to

this
behaviour

as
Jern’s

e�ect
o

Jern’s
term

.

C
onsidering

the
interactions

betw
een

B
lym

phocytes
and

the
rest

ofthe
ac-

torsintroduced
atthe

begining
ofthischapter,w

e
can

now
build

a
dynam

ical
system

w
here

B
cells

interact
w

ith
each

others
in

this
w

ay
(i.e.

ferrom
ag-

netically)
and

w
ith

helpers
via

cytokine
exchange

as
w

ell.
If

w
e

indicate
w

ith
b
µ
⇤
R
,
µ
=

1,...,B
the

logarithm
ofthe

change
from

balance
ofthe

clone’sconcentration
µ-th

and
w

ith
h
i ⇤

{�
1,1}

,i
=

1,...,H
the

activation
of

h
i -th

clone,the
evolution

ofB
-activity

then
follow

san
O

rnstein-U
hlenbeck

process
[71]like

⇧
db

µ

dt
=

B
��
=
1

J
µ
� (b

�
�
b
µ )

+

⇥
�H

H�i=
1

⌅
µi
h
i +

A
µ
+
⌅
⇧
⇥
µ .

(6.1)

w
here

the
first

term
J
µ
� (b

� �
b
µ )

represents
the

interactions
am

ong
µ-th

and
⇤-th

B
-clone

and
it

is
of

elastic
type:

it
depends

only
by

di�erence
of

concentration
betw

een
the

tw
o

B
clones

and
is

m
odulated

by
the

coupling
J
µ
�

w
hich

in
turn

depends
on

the
a⇥

nity
(com

plem
entarity)

ofthe
antibod-

ies
produced

by
b
µ

and
b
� ,in

particular
J
µ
�
⇥

0
(see

Sec.
3.3).

T
he

second
term

represents
the

field
acting

on
the

b
µ

lym
phocyte

due
to

coupling
w

ith
the

system
ofT

H
lym

phocytes:
in

a
nutshell,it

takes
into

account
the

inter-
actions

am
ong

B
and

helper
cells

m
ediated

by
cytochine

⌅
µi .

T
he

third
term

is
the

field
generated

by
the

high
concentration

ofthe
antigen

in
the

body,
w

hile
the

lastterm
is

a
gaussian

w
hite

noise.
Finally

⇧
represents

the
typical

tim
e-scale

for
the

B
-celldi�usion

and
the

term
⌅
�

takes
account

ofthe
fact

that
the

noise
acting

on
the

first
and

on
the

second
term

(B
-B

interactions
and

B
-H

interaction
respectively)

could
be

di�erent,
so

through
this

term
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Contributo dalla rete dei B
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arzo 2012

P (h|mt, Et) = lim
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Deterministic flow
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Pm̂,Ê(�) =
e m̂

P
i �i+Ê(
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P

i Ji,i+1�i�i+1+✓
P

i �i) (10)

Zm̂,Ê =
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La risposta del linfocita B m
u-esim

o
•   network idiotipico dei linfociti B
•   interazioni tra linfociti B e linfociti Helpers
•   interazione tra linfociti B e antigeni

La variazione nel tem
po della risposta del linfocita B può essere descritta da un processo di Langevin:

concentrate
only

on
the

B
cells.

N
ow

,
B

lym
phocytes

secrete
antibodies,

w
hich,

given
the

huge
am

ount
of

di�erent
clones,

m
ay

detect
antibodies

secreted
by

other
lym

phocytes:
V

ia
this

m
echanism

,antibodies
not

only
detect

antigens,but
also

function
as

individual
internal

im
ages

of
certain

antigens
and

are
them

selves
being

detected
and

acted
upon.

In
this

w
ay

an
interaction

netw
ork

for
B

cells
is

form
ed

and
it

provides
a

"dynam
ical

m
em

ory"
of

the
im

m
une

system
,

by
keeping

the
concentrations

ofantibodies
and

oflym
phocytes

at
appropriate

levels.
See

also
Sec.

(1.6)
and

(3.1)
for

m
ore

details.
T

he
interplay

am
ong

such
antibody

concentrations
allow

s
a

netw
ork

ofm
utually

interacting
lym

-
phocytes

w
hose

topological
properties

have
also

been
show

n
to

be
able

to
explain

basic
phenom

ena
such

as
self/non-selfrecognition

and
low

-dose
tol-

erance
[19,20].

A
notherissue

follow
ing

thispointisthat,w
hile

B
cellsofthe

sam
e

clone
do

not
interact

am
ong

them
selves,B

cells
belonging

to
di�erent

clones
(provided

that
their

anticorpal
m

atching
is

strong
enough)

tend
to

im
itate

reciprocally:
ifthe

first
clone

undergoes
clonalexpansion,the

clone
corresponding

to
the

anti-antibody
w

illfollow
it,and

viceversa.
W

e
w

illrefer
to

this
behaviour

as
Jern’s

e�ect
o

Jern’s
term

.

C
onsidering

the
interactions

betw
een

B
lym

phocytes
and

the
rest

ofthe
ac-

torsintroduced
atthe

begining
ofthischapter,w

e
can

now
build

a
dynam

ical
system

w
here

B
cells

interact
w

ith
each

others
in

this
w

ay
(i.e.

ferrom
ag-

netically)
and

w
ith

helpers
via

cytokine
exchange

as
w

ell.
If

w
e

indicate
w

ith
b
µ
⇤
R
,
µ
=

1,...,B
the

logarithm
ofthe

change
from

balance
ofthe

clone’sconcentration
µ-th

and
w

ith
h
i ⇤

{�
1,1}

,i
=

1,...,H
the

activation
of

h
i -th

clone,the
evolution

ofB
-activity

then
follow

san
O

rnstein-U
hlenbeck

process
[71]like

⇧
db

µ

dt
=

B
��
=
1

J
µ
� (b

�
�
b
µ )

+

⇥
�H

H�i=
1

⌅
µi
h
i +

A
µ
+
⌅
⇧
⇥
µ .

(6.1)

w
here

the
first

term
J
µ
� (b

� �
b
µ )

represents
the

interactions
am

ong
µ-th

and
⇤-th

B
-clone

and
it

is
of

elastic
type:

it
depends

only
by

di�erence
of

concentration
betw

een
the

tw
o

B
clones

and
is

m
odulated

by
the

coupling
J
µ
�

w
hich

in
turn

depends
on

the
a⇥

nity
(com

plem
entarity)

ofthe
antibod-

ies
produced

by
b
µ

and
b
� ,in

particular
J
µ
�
⇥

0
(see

Sec.
3.3).

T
he

second
term

represents
the

field
acting

on
the

b
µ

lym
phocyte

due
to

coupling
w

ith
the

system
ofT

H
lym

phocytes:
in

a
nutshell,it

takes
into

account
the

inter-
actions

am
ong

B
and

helper
cells

m
ediated

by
cytochine

⌅
µi .

T
he

third
term

is
the

field
generated

by
the

high
concentration

ofthe
antigen

in
the

body,
w

hile
the

lastterm
is

a
gaussian

w
hite

noise.
Finally

⇧
represents

the
typical

tim
e-scale

for
the

B
-celldi�usion

and
the

term
⌅
�

takes
account

ofthe
fact

that
the

noise
acting

on
the

first
and

on
the

second
term

(B
-B

interactions
and

B
-H

interaction
respectively)

could
be

di�erent,
so

through
this

term
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Contributo dalla rete dei B
Contributo dovuto agli Helpers
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 Conclusions: 

Perhaps join Erik and Alexander in other applications of this methodology

Next step on this project:

Simulation for this disordered Ising model

Case with non-homogeneous external field

Finish the derivations for the disordered case

Simulation for this disordered Ising modelDynamic Cavity method

Further work in NETADIS

Marsili (to apply this and other complex systems tools on finance)

Go to Paris to work with S. Franz for second secondment

Dynamic cavity method
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