|
KTH

VETENSKAP
OCH KONST 9%

TEIHK

ROYAL INSTITUTE
OF TECHNOLOGY

O LECHNOTIToCcA

Adriano Barra 1, Gino Del Ferraro 2, and Daniele Tantari 3

1 Dipartimento di Fisica, Sapienza Universita di Roma, P.le Aldo Moro 5, 00185 Roma, Italy
2 Department of Computational Biology, KTH Royal Institute of Technology, 10044 Stockholm, Sweden
3 Dipartimento di Matematica, Sapienza Universita di Roma, P.le Aldo Moro 5, 00185 Roma, Italy

Mean field spin glasses treated with PDE techniques

Abgtract

We solve the SK model both at the replica symmetric and at the 1-RSB level, obtaining the
correct expression for the free energy via an analogy to a Fourier and Burger equation,
whose shock wave develops exactly at critical noise level (triggering the phase transition).

This approach, beyond acting as a new alternative method for tackling the complexity of spin
glasses, let us to obtain a new class of polynomial identities (namely of Aizenman-Contucci
; type), whose interest lies 1n understanding, via the recent Panchenko breakthroughs, how to

force the overlap organization to the ultrametric tree predicted by Parisi.
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Once introduced N Ising spins ¢; = 1, the Hamiltonian of the SK model is given by

1
HN(O';J): ZJijain
VN
(4,7)
where the quenched disorder in the couplings 1s given by the N(/N—1)/2 independent and identical
distributed random variable .J;; , whose distribution is A0, 1]
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We are interested in an explicit expression for the (quenched) free energy f(5)
(or the mathematical pressure () ) defined as

o) =-8f(B) = lim an(B) =— lim Bfn(8) =
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We introduce two fictitious variables t, £ which can be thought of as space and time
coordinates, by which we write the Guerra’s interpolating function as

%Eln ;exp <\@Z Jf,;jO'q;O'j —I—\/EZ J,L-lgi) |

i<j i
where [ is the average over the quenched couplings and the pressure is recovered whenever
evaluating a(t,z) at t = 5%, 2=0

ay(t,x) =

We introduce the Guerra’s action through a linear transformation in the (¢, x) plan as
Sn(t,x) =2an(t,z) —x —t/2 (1)

which satisfies the following Burgers equation:

1 , 1

= —5 ({a12) — (q12)°) + Jim ({atz) — 4 (@12423) + 3 {q12434)) = O
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satisfied in RS ansatz it gives us the Aizenman-Contucci identities )
Both satisfied in the thermodynamic limit W

Fourier Formalism ; |

We can map the latter equation to a Fourier equation via a Cole-Hopf transformation |

0% Sn(t,x) =0

SpN(t, $) — €XP (—NSN(t, ZU))
by which it is straightforward to check that ¥ (f,x) obeys the following Fourier equation

c‘%PN(t,x) B 1 62¢N(t,£€)
ot 2N 0x?

which can be solved, in the Fourier space, trough Green propagator and the Convolution Theorem. Using
the above Cole-Hopf transformation we can obtaining the following solution for the Guerra’s action

SN(t,:c):—%ln /zﬂm/d‘y N ((z—y)?/(2t)~In2~Incosh(y)) )

Applying the steepest descent method we can get the solution for the action in the limit N — oo
The extremization condition also gives

:U:Q—t/d,u(z)tanhQ(\/?z) =g+ tu(t,x)

Statistical mechanics is recovered at = 0 and t = 5 at which the previous formula becomes:

we recover the self-consistent equation
for the order parameter

=B 0= 8 [ du() enl®(3v3:)  —
Then applying the steepest descent method 1n (2) and using the relation (1) between the action and
- the pressure, it is finally possible to obtain the RS solution for the pressure:
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' a(f) =In2 + /d,u(z) In cosh(\/q 82) + ﬁ—(l —q)?
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Shock waves coincide with phase transitions in statigtical mechanics
R e

Reminding the equation of motion =z = y + u(0,t) ¢, from mass conservation we get

e\ pm) (o)
p(m)_p(y)(d_y) T 14 0,u(0, )t 1t

which diverges at the shock time ¢ = % = 1, i.e. the critical noise level at which the phase
transition occurs in statistical mechanics. Above ¥y 1s the value which minimizes

| dx tanh(/y z)
cosh” (VYz)
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=141t 0,u(0,y) :l—t%/du(z)z
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We go beyond the RS scenario and investigate the broken replica phase by merging the PDE approach
with the broken replica interpolation scheme. The result will be a mapping between the SK free energy
with 1-RSB step and a 2-dimensional diffusion equation. Let us introduce the interpolating partition
function:

o

N N
Zn(t,w1,2) = ) exp (ﬁHN(UQ J) + a1y Jloi+ \/3323312J7;207:>

At the 1-RSB level we think at m € [0,1] as the expected parameter of the 1-RSB overlap’s
distribution and we assume its shape to be the weighted sum of two delta functions

P(q) =md(q—q1) + (1 —m)i(q — ¢)

By introducing recursively the “partially averaged” partition functions as 7, = Zy, 27" =Ex(Z3"),
we can express the 1-RSB SK free-energy (or pressure strictly speaking) in the space (¢, z1,x2) as

1
oz(t,a:l, IQ) = ]\;Enoo OéN(t, L1, ZCQ) = ]\}Hnoo —EEl lOg Zl (t, L1, 332) —

. 1 m
]\}gnoo N—mEEl log EoZ (t, 21, 2)

If we now define the Guerra’s action for the 1-RSB scheme
(3)

computing the streaming respect to x and ¢, we can immediately verify that the action satisfies:

Sn(t,z1,22) = 2an(t,r1,x2) — X2 — /2,

1 2
0:SN + o ((99615]\[) + 5

1
(1= m)

(0 58) = —5 [m ({a), — {a2)?) + (1 —m) ({aha), — @)3)] @)

where ()1 =E[(i()] and ()2 = E[f2Q(.)] and the functions f are the following weights

Zm

with the extended states defined as w1(.) = Es[fows(.)] and w2(.) = wn ()

while the standard product state remains Q,(.) = wq(.) X ... X we(.)

In the I-RSB approximation we can neglect the r.h.s. of the equation (4) when N — oo; moreover,
in analogy with the RS case, if we add a viscous term (with vanishing viscous coefficient) we can
write down a Burger equation for Sy (¢, z1,x2) (having the same limiting solution) as

1
SN + % (39515N)2 +

1
2(1 —m)

1
(0nySn)? = mai%sjv +

1
2N(1 —m)
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which can be solved mapping it into a Fourier equation via a Cole-Hopf tranform
Uy (t, z1,x2) = exp (—NSn(t, z1,22)) by which 1t 1s straightforward to check that ¥y (¢, z1, x2) obeys

1
OV N (t,r1,22) — mﬁi%\l’N(taﬂflaﬂ@) —

1
2N(1 —m)

5%‘111\1(75,331,@) =0

Finally we can obtain the solution in the original space by the Convolution Theorem and
come back to the action through the Cole-Hopf tranform:

1 1 _ m (g )2 (Amm) )2
SN(t,Zm,xg):—Nlog\lf]\r(t,xhxg):—Nlog/dm/dyge N(So(y1,y2)+2t( 1—y1)°+ 5 (T2 yz))

Similarly to the RS case, in the thermodynamic limit the saddle point method gives also
two equations of motion:

v1 + (qi2(w1, 22, 1)1t = B2 ((q2)1 = B
v+ (q1a(x1, T2, 1))ot = B2 {qu2)2 = B’

?)1(t,£€1,3§'2) —

@2(7573317552) —

(6)

where the last equalities hold when statistical mechanics is recovered,i.e. =0 and ¢ = 3
The self-consistent equations are found out by combining the latter equations with the
streaming of the action respect to 1 and x2 . The pressure can be evaluated by the saddle
point method and definition (3):

2

a(f) = In2+ % (mg; + (1 —m)gs — 23 + 1)

o L L uetn [ dutencostm (8 (v + VE=T2)

where we have used the latter equality 1n (6) to recover the statistical mechanics.
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New Overlap Constraints ;
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The r.h.s of the diffusive equation (5) can be evaluated explicitly computing the streaming when
evaluating the extremum via the steepest descent method. The results are related to the overlaps as

follows: 1 1 N oo 1

—N—m8§%5 = N0x1<Q12>1 — 0

1 N—00
2 — -
Nm =10 = Fo=ia2z =0

If we now introduce the state 2, = E»[f»2(.)] and define the composite states as
(oo, = El(f21 x 21)())] | after some computations, it possible to obtain an explicit expression

for the above streaming which enforce the following constraints for the overlaps: ;

W
1 1
0 = {(gia)2 +2(m — 2){q12¢23)2 + §(m —2)(m — 3){q12q34)2 + §m(1 —m) <Q12(J34>Ql x Q1
0 = (gi2)1 — 4m{quaqes)1 + 3m*(qragsa)1 + 2(m — 1) (q12q13) g, w63,

+ 4m(l —m) (@13924), 03, T (1 — m)? (@13924) ¢, wir, T 2m(m — 1) (q12434), « @,

References and contaets

e A. Barra, G. Del Ferraro, D. Tantari - Eur. Phys. J. B (2013) 86: 332
e A. Barra, A. D1 Biasio and F. Guerra - Journal of Statistical Mechanics: Theory and Experiment
(2010): PO9006.

e F. Guerra - Commun. Math. Phys. 233, 1 (2003)

Contacts: gino@kth.se, gino.delferraro@ gmail.com

— —— B _ — e ——— ————

|

Sunday, September 8, 13


mailto:gino@kth.se
mailto:gino@kth.se
http://link.aip.org/link/?&l_creator=getabs-normal1&l_dir=FWD&l_rel=CITES&from_key=JMAPAQ000049000012125217000001&from_keyType=CVIPS&from_loc=AIP&to_j=CMPHAY&to_v=233&to_p=1&to_loc=DOI&to_url=http%3A%2F%2Fdx.doi.org%2F10.1007%2Fs00220-003-0948-8
http://link.aip.org/link/?&l_creator=getabs-normal1&l_dir=FWD&l_rel=CITES&from_key=JMAPAQ000049000012125217000001&from_keyType=CVIPS&from_loc=AIP&to_j=CMPHAY&to_v=233&to_p=1&to_loc=DOI&to_url=http%3A%2F%2Fdx.doi.org%2F10.1007%2Fs00220-003-0948-8
mailto:gino@kth.se
mailto:gino@kth.se
mailto:gino.delferraro@gmail.com
mailto:gino.delferraro@gmail.com

